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Abstract. We define and systematically study nonassociative C*-algebras as 
C*-algebras internal to a topological tensor category. We also offer a concrete 
approach to these C*-algebras, as G-invariant, norm closed *-subalgebras of 
bounded operators on a G-Hilbert space, with deformed composition product. 
Our central results are those of stabilization and Takai duality for (twisted) 
crossed products in this context. 



1. Introduction 

In [12] we gave an account of some nonassociative algebras and their applica- 
tions to T-duality, with a brief mention of the role of categories at the end. In 
this paper we will develop the theory more systematically from the category the- 
oretic perspective. In particular we shall not need to assume that the groups are 
abelian, and will mostly work with general three-cocycles rather than antisymmet- 
ric tricharacters. We believe, however, that the results in this paper are of interest 
independent of our original motivation. Since writing [12j we have become aware 
of more of the large literature in this subject, for example, the work of Frohlich, 
Fuchs, Runkel, Schweigert in conformal field theory [7f| . and of 

Bcggs, Majid and collaborators [1] [2l |4l [5l [H [14] . Most of that work is algebraic in 
spirit, working with finite groups or finite dimensional Hopf algebras, whereas we 
are primarily interested in locally compact groups and C*-algebras, which necessi- 
tate the development of a rather different set of techniques. The work of Ncstcrov 
and collaborators [SS] [3S1 [371 [351 [35] does use vector groups, but has rather different 
aims and methods. (In addition, there is a well-established theory of C*- and W*- 
categories, [28l[34], in which the algebras are generalised to morphisms in a suitable 
category, which means that they are automatically associative. One could gener- 
alise to weak higher categories, but the examples discussed in [12] suggest that one 
starts by looking at categories in which the algebras and their modules are objects, 
which is also more directly parallel to the algebraic cases already mentioned. 

In Section [2] we introduce the tensor categories that we use and give some el- 
ementary examples, based on our earlier work in |12j . Within the category it is 
possible to define algebras and modules. The next three sections show how to ob- 
tain nonassociative algebras of twisted compact and bounded operators on a Hilbert 
space, and introduce Morita equivalence. We then link this to exterior equivalence 
in Section [6] which establishes that exterior equivalent twisted actions give rise to 
isomorphic twisted crossed product C*-algebras. 
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Section [7] is devoted to an extension of the nonassociative Takai duality proved in 
[T2] . This is especially useful, because it provides a method of stabihsing algebras. 
For example, an associative algebra with a very twisted group action has a nonas- 
sociative dual and double dual which admit ordinary untwisted group actions. The 
double dual is Morita equivalent to the original, and so one could replace the orig- 
inal associative algebra and twisted action by an equivalent nonassociative algebra 
and ordinary action. 

The main result in Section [5] establishes the fact that twisted crossed products 
can be obtained by repeated ordinary crossed products, but with a possible modified 
automorphism action of the final subgroup, a result that goes a long way towards 
proving an analog of the Conncs-Thom isomorphism theorem |15[ll6j in our context, 
as briefly discussed in the final section. 

A theorem of MacLane [34] asserts that every monoidal category can be made 
strict, that is. associative, but in general the functor which does this is quite compli- 
cated. However, in our category things are much simpler, and in Appendix [XJ it is 
shown that whenever a nonassociative algebra acts on a module, its multiplication 
can be modified to an associative multiplication. Examples of the strictification 
process are discussed there, in particular to the algebras of twisted compact and 
bounded operators which are defined to act on a module, but also have more seri- 
ous implications for physics, where the algebras are generally represented by actions 
on modules. (On the other hand this does not mean that we can simply dismiss 
the nonassociativity, because there are known nonassociative algebras such as the 
octonions, cf. [3], which fit into our framework.) Appendix [B] gives a concrete ap- 
proach to our nonassociative C*-algebras, as G-invariant, norm closed *-subalgebras 
of bounded operators on a G-Hilbert space, with composition product deformed by 
a 3-cocyclc on G. In Appendix [Cl we revisit the construction of our nonassociative 
torus, via a geometric construction that realizes it as a nonassociative deforma- 
tion of the C*-algcbra of continuous functions on the torus. For completeness, we 
have summarized in Appendix |d1 the original motivation for this work, namely, 
T-duality in string theory. 
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2. Tensor categories and their algebras 

As in |29| we use tensor category to mean just a monoidal category, without any 
of the other structures often assumed elsewhere. That is, a tensor category is a 
category in which associated to each pair of objects A and B there exists a product 
object A (g) B, and there is an identity object 1, such that 1(S)A^A^A(E)1, 
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together with associator isomorphisms 

* = $A,i3,c : ^ ® C) -> (A ® B) ® C (2.1) 

for any three objects A, B and C, satisfying the consistency pentagonal identity on 
quadruple products: 



A®{B®{C^D)) 




(A (B C)) D ^ {{A ® B) C)) ® n 



with each arrow the appropriate map <f>. and the triangle relation: 
A (1 ® B) *- (A (g) 1) B 



A(E)B 

MacLane's coherence theorem ensures that these conditions are sufficient to guaran- 
tee consistency of all other rebracketings, [3D]. (The theorem proceeds by showing 
that one can always take the category to be a strictly associative category. We 
prove this explicitly for our examples in Appendix 

Module categories provide two standard examples of tensor categories with the 
obvious identification map $ — id. One is the category of 7?.-modules and TZ- 
morphisms, for TZ a commutative algebra over C. The appropriate tensor product 
of objects A and B is A ®n B, and the identity object is TZ itself. Continuous trace 
algebras with spectrum S are Co(S')-modules, and so can be studied within this 
category with TZ = Co (5*), though some care is needed in defining the appropriate 
tensor products in the case of topological algebras, but this can be done explicitly 
in this case, cf. [301 Sect 6.1]. 

A subtly different example is provided by the algebra of functions H = Co(G) on 
a separable locally compact group G. As well as being an algebra under pointwise 
multiplication it also has a comultiplication IS. : H ^ H ® H taking a function 
/ G Co(G) to {Af){x, y) = f{xy), and a counit e : iJ ^ C, which evaluates / at the 
group identity. This enables us to equip the category of iJ-modules with a tensor 
product Ac?) B over C, on which / acts as A(/), and the identity object being C 
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with the trivial iJ-action of multiphcation by e(/). Writing the comultiplication in 
abbreviated Sweedler notation A/ = /(i) (g) /(2)j the action on A ® B is 

/[a*&] = /(i)[a]*/(2)[?>]. 

Since everything has been defined in terms of the comultipHcation and counit of 
H , this clearly generalises to bialgebras, and even to quasi-bialgebras. If G is an 
abelian group, with Pontryagin dual group G = Hoin(G, U(l)), then we can work 
with C*(G) instead of Co(G), and the tensor product action of ^ e G is just ^ ^. 
If the group G acts on S*, the two examples can be combined in the category of 
modules for the crossed product, or transformation groupoid, algebra C[){S) xi G, 
equipped with the tensor product over Cq[S), and identity object Co(S'). 

Both examples use modules for a *-algebra, with /*(s) = /(s) in Co{S) and 
f*{x) = /(x~i) in Co(G), and the category contains conjugate objects A* , having 
the same underlying set, but with the algebra action changed to that of /* and 
conjugated scalar multiplication. For a an element of some object A and a* the 
same clement considered as an element of A* we then have f*[a*] = f[a]*. Working 
with C*(G) instead of Co(G) one has £,{x^^) = £,{x) so that ^* = ^. This too can be 
generalised to quasi-Hopf algebras [291 Section XV. 5] which provide such structure 
as do the coinvolutions in Kac C*-algebras. Conjugation A ^ A* preserves direct 
sums and gives a covariant functor. Another crucial property follows by noting that 
in Co(G) one has 



so that conjugation reverses the order of factors in the tensor product. There is a 
natural isomorphism between {A(E)B)* and B* ^A* . Since preparing the first draft 
of this paper the preprint |^ has appeared and gives a systematic account of bar 
categories, of which these form one example. We refer the reader there for more 
detail. 

Tensor categories have enough structure to define algebras and modules. 

Definition 2.1. An object A is an algebra (or monoid) in a tensor category if 
there is a morphism -k : A ® A ^ A that is associative in the category, that 
is, (X) id)<i> = 7k-(id (X) 7k-) as maps A ^ {A ^ A) A. An algebra A in the 
category is called a *-algebra if the category has the above conjugation of objects 
and A* = A. A left (respectively, right) module M for A is an object such that 
there is a morphism, which we also denote by *, sending A(i^Ai to A4 (respectively, 
M A to M), and satisfying the usual composition law in the category, that is, 
for left modules ★(★ (g) id)<I> = *(id x *) as maps A<^ {A® M) M. For brevity, 
the term module will mean a left module, unless otherwise specified. An A-B- 
bimodulc X for two algebras A and B in the category is a left module for A and a 
right module for B, with commuting actions (allowing for rebracketing given by an 
associator map). 
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A (Si {A (Si A) *- {A® A)® A 




A 



As an example we note that eontinuous trace algebras with spectrum S are 
algebras in the category of Co (S')-modules introduced above. In fact Cq{S) can 
be identified with a subalgebra of the centre ZM{A) of the multiplier algebra of a 
continuous trace algebra A, and so it also acts on all ^-modules, so that ^-modules 
in the ordinary sense are also .A-modules in the category. Similarly, continuous 
trace algebras with spectrum S on which G acts as automorphisms are algebras 
in the category of Co{S) xi G-modules. Although we have so far taken <!> to be 
the usual identification map, there are other possibilities. Let G be a separable 
locally compact group with dual G, and let (p E C(G x G x G) be normalised to 
take the value 1 whenever any of its arguments is the identity 1 G G, and satisfy 
the pentagonal cocycle identity 

(j>{x, y, z)(l){x, yz, w)(l){y, z, w) = <f){xy, z, w)(j){x, y, zw) . (2.2) 

Since C(G) is the multiplier algebra of Co(G) it also acts on Co(G)-modules. Unlike 
the algebraic case there are various module tensor products, and it is assumed that 
we have chosen one for which the action of C(G) (X)C(G) (E) C{G) is defined. 

Definition 2.2. The category Cg{4>) has for objects normed Co(G)-modules, or 
equivalently normed G-modules, and its morphisms are continuous linear maps 
commuting with the action. The tensor structure comes from taking the tensor 
product of modules with the tensor product action of the coproduct (A/)(x, j/) = 
f{xy) for / G C(G), (or diagonal tensor product action ^ ® ^ of ^ S G). For any 
three objects A, B and C the associator map, ^ : A® {B ® C) ^ [A® B) ® C \s 
given by the action of (/) £ C(G x G x G) = C{Q)®C{G)®C{G). The identity object 
is the trivial one-dimensional module C, on which G acts trivially, or, equivalently, 
/ G C(G) multiplies by /(I), where 1 is the identity element in G. 

We could introduce a similar structure for Cq{S) x G modules. 

As already mentioned, the algebras (or monoids) in Cg(0) are objects A for which 
there is a product morphism A® A ^ A, which we shall write ss. a®b ^ ai^b. An 
algebra A can have a module A^, when there is a morphism A® M. — *■ TW, which 
we also write a® m ^-^ ai< relying on the context to distinguish multiplications 
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from actions. The category structure forces interesting compatibility conditions on 
algebras and modules. 

Proposition 2.3. Let A be an algebra in the category CQ,{(j)). Then the group G 
acts on an algebra A by automorphisms, and the action of G on an A-module M 
gives a covariant representation of A and G or, equivalently, a representation of 
the crossed product ^ X G. 

Proof. For a,b £ A, and ^ G G we have ^[a] -k £^[b] ~ ^[a7k-6], showing that the 
action of G is by endomorphisms, and since G is a group, these are invertible, and 
so automorphisms. 

The morphism property gives ^[a] *^[m] — ^[a-km], showing that the actions of 
A and G combine into a covariant representation of {A, G). Standard theory then 
tells us that this is equivalent to having an action of the crossed product Ay^G. □ 

We need to take care concerning the ordering of products where $ sets up the 
appropriate associativity conditions. When A is an algebra in the category, and 
A4 is an ^-module, wc shall simplify the notation by writing ^{a* (b-km)) for the 
composition of the maps <!> : A(E) {A® M) {A® A) <E) Ai and the multiplications 
and action 

{A(S)A)®M-^ A®M^ M, 
applied to a0 (6® c), and similarly for triple products of algebra elements. Wc shall 
similarly abbreviate the notation for other operations involving tensor products. 

The algebra of twisted compact operators IC^{L'^{G)), introduced in [12], pro- 
vides an example of an algebra in the category Cg (</'). There we assumed that </> 
was an antisymmetric tricharacter, that is, (f)(x,y,z) is a character in each of its 
arguments for fixed values of the others, and is inverted by any transposition of 
its arguments. This is sufficient to ensure that it satisfies the cocycle identity, but 
at the expense of slightly more complicated formulae the cocycle condition usually 
suffices, for example the product of two integral kernels is defined by 

{ki-kk2){x,z) ^ J (j){xy^^,yz^^,z)ki{x,y)k2{y,z)dydz . (2.3) 

The action of / G C(G) on /C0(L^(G)) multiplies the kernel K{x, y) by f{xy~^), and 
one checks that this defines an automorphism using the identity {Af){xy~^ , yz~^) = 
f{xz~^). Moreover, as may be readily checked using the pentagonal identity: 

{{ki^k2)*kMx,w) (2.4) 

= j <l>ixy^^ , yz^^ , zw^^)(j){xy^^ , yw~^ ,w)(j){yz^^ , zw^^ ,w) 

X ki{x,y)k2{y, z)k3{z,w) dydz 
= $(fci*(fc2*fc3))(x,w). (2.5) 

In AppcndixiBlthe twisted compact operators /C^(L^(G)), introduced in [T^], and 
the twisted bounded operators B^{L^{G)) are systematically defined and studied, 
providing examples of C*-algebras in the category Cg (</>). In fact, any norm closed, 
G-invariant ★-subalgebra of B^{L^{G)) gives an example of a C*-algebra in the 
category. The reworking of the twisted compact operators and twisted bounded 
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operators with a general cocycle shows that the arguments of [12j need not depend 
on 4) being a tricharacter, although there may be simplifications when it is. 

Proposition 2.4. Let X : A (g) {B (g) C) ^ C be a morphism in Cq{4i). If cf) is a 
tricharacter then X{^{a® {h®c))) = \{a ® {b(S)c)), for all a ^ A, h £ B and c € C. 
The same applies for a morphism X:A^{B^C)^A®<C^A which factors 
through C. 

Proof. The fact that A is a morphism means that for any / G Co(G) 
e(/)A$ = A(id ® A)A(/))$ = A(/(i) ® ® /(3)))0 , 

or 

Ae(/)$ = A(/(i) (E) (/(2) (E) /(3)))</' , 
Thus the effect of {f{i) ® if (2) ® f{3)))4'ix7 Hi z) = f{x{yz))(l>{x, y, z) is just the same 
as e{f)(l){x,y, z) = f{l)(f){x^y,z). In other words, the effect of A$ is concentrated 
where xyz = 1. However, when (f> is an antisymmetric tricharacter, it takes the 
value 1 when arguments are repeated, and so 

(j){x, y, z) = <f>{x, y, x)(l){x, y, y)(l){x, y, z) = y, xyz) = 1. 

In other words A<I> = A. A similar argument applied to B (E)C covers the case when 
A factors through C. 

We conclude by remarking that in the abbreviated notation introduced above, 
one would write A(<i>(a (g) (6 (g) c))) = A(a (gi (6 (g) c)). □ 

More generally C(G) can be replaced by other algebras. To give the desired 
structure we require at least a comultiplication A to define a tensor product action, 
a linear functional e satisfying e{hi)h2 = h = ft.ie(/i2) defining the action on the 
identity object, and a three-cocycle $ in the multiplier algebra A1(H (g H (g H), 
consistent with these. The pentagonal cocyle condition is 

(A g) id g) id)($)(id g) id g) A)(<I>) = ($ g) id)(id g) A g) id)(4>)(id g) 4>) . (2.6) 

Consistency of the associativity rebrackcting with the action of H on tensor products 
of modules requires 

(Ag)id)A(/i) = ad$(id(gA)A(/i), (2.7) 

whilst consistency with the action on the identity object means that e contracted 
with the middle part of $ gives the identity. These are precisely the conditions 
satisfied by a quasi-bialgebra Section XV. 1]. 

Definition 2.5. The objects in the category C^{^) are H-modules, and the mor- 
phisms are linear H-endomorphisms, with the associator map given by the action 
of$GHg)HgiH. The action on tensor products is given by the comultiplication 
and the trivial object is C with the action given by the counit. 

The quasi-bialgcbra version of Proposition 12.31 asserts that H acts by automor- 
phisms of an algebra A in the category, that is, h[a -k b] — /i(i)[a] */i(2)[^], for 
all a, 6 £ A, and the actions of H and A on an A-module are covariant, so that 
h[a*m] = /i(i)[a] ^(2)["^], for all m £ A4, and one has a module for the crossed 
product A XI H. 

We shall often use H to include the case of C(G), though in the latter case there 
are extra analytic conditions. (In principle one might use Kac algebras, I21j . 
but that would require too big a digression.) 



8 



P BOUWKNEGT, KG HANNABUSS, AND V MATHAI 



We shall outline our results for topological groups (more directly linked to our 
applications) and for quasi-Hopf algebras. 

We shall work in tensor categories of modules for an appropriate locally com- 
pact abelian group (more directly linked to our applications) or for a quasi-Hopf 
algebra (which makes the algebraic structure particularly transparent), though it 
is probably possible to extend much of this to tensor categories of modules for Kac 
algebras |201 121j , which provide a natural framework for considerations of duality. 
Even locally compact groups present challenges beyond those present in the purely 
algebraic case of Hopf algebras, for example, the algebra Cq{G) of compactly sup- 
ported functions on G has no unit, since the constant function 1 is not compactly 
supported, whilst L°^'{G) has no counit since evaluation at the identity is not de- 
fined, and in neither case is there an antipode, though both have a coinvolution as 
Kac C*-algebras. One also requires modules which arc not finitely generated. 

3. HiLBERT MODULES IN TENSOR CATEGORIES 

The notion of the twisted kernels on L^{G) can be extended to more general 
Hilbert spaces. There are several equivalent characterisations of the bounded op- 
erators in a normal Hilbert space, and for our purposes the most useful approach 
is rather indirect. 

Let ?i be a G-module with an inner product (•,•). Since the inner product 
takes values in the trivial object C, consistency with the action of G requires that 
(^[V'i],?[V'2]) = = (V'i,V'2), for all ^ € G and Vi, ■02 G H, so that the G 

action is unitary, or equivalently (tpi, /[V'2]) = (/*[^t], '/'2) for all / £ C(G). 

Definition 3.1. An object H in Cg(0) with an inner product (•, •) with respect to 
which the action of G is unitary (or, equivalently, consistent with the ^-structure of 
C(G)) is called a pre-Hilbert space in Cg (</<). If it is complete in the norm topology 
it is called a Hilbert space in CQ{(f>). 

The unitarity of the action of G means that the inner product on Ti. defines a 
morphism from the conjugate space H* introduced earlier to the dual of H given 
by 'ijj* — We can alternatively think of an inner product as a morphism 

Ti* C, written tpl ^ ip2 '-^ {ipi, V'2), which satisfies the positivity condition. 

Proposition 3.2. In order that the map taking A to A* be consistent with the 
associator isomorphism it is necessary and sufficient that 

$(A ® (S ® C))* = <^>~\{A ®{B(S> C))*) , (3.1) 

for all objects A, B and C , or, equivalently in CQ{(j)), that the (j) be unitary. 

Proof. We have 

^{A ®{B® C))* = {{A ®B)® Cy 

= C* ® {B* ®A*) 

= <^-^{{C* ®B*)®A*) 

= >^-\{A®{B®C)Y), 

which amounts to saying that the function (j)* ~ (f)~^, so that is unitary. □ 

In ordinary Hilbert spaces bounded operators can be characterised as those that 
are adjointable, and this definition is easy to generalise. 
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Definition 3.3. Modifying the usual definition we shall call a linear operator A 
on H adjointable if for all ipi and t/j2 G H there is an operator A* such that 

(^*Vl,V'2) = 4>((l/'l,^**V2)), 

where the ordering on each side is that given by the order-reversing conjugation, 
that is, the two sides arc images of {i/jI (g) A*) (g) ip2 and ® (A* (X) V'2)) under 

the module action and inner product map. 

We note that this definition is taken to mean that A and A* are in a ^-algebra 
with a module Ti.. The unitarity of the action means that the ordinary bounded 
operators are objects in the category with the action ^[^4] =^0^0 The 
equahty of the images of {tpl (g) A*) ® -02 and ^{ipl {A* g) 1^2)) allows us to 
identify the adjoint A* with the conjugate A* . We note that the unique action of G 
consistent with the covariance property gives ^ : A ^^oAo^-'^. When $ IS given 
by an antisymmetric tricharactcr we may apply Proposition [2]4] to the morphism 
A('0i <E) (A(g)-02)) = {fpijA -k ■02) to deduce that <f> acts trivially and the condition for 
the adjoint reduces to (^*'0i, -02) = {fpi, A1P2), as usual. In this case the adjointable 
operators are therefore just the bounded operators on Ti.. For general (f> one will 
have a natural generalisation of the bounded operators, the subject of the next 
section. 

4. Twisted compact and twisted bounded operators 

Regarding ?i as a right C-module for the scalar multiplication action, Ricffel's 
method allows us to define the dual inner product ((•, •)) such that 

((V'o,0i)) *V-'2 $(^/'o*(V'l,V'2))■ 
(As usual when is an antisymmetric tricharactcr, as in |12j . the invariance of the 
inner product renders the $ action trivial, so that $(?/'o * ('01, "02)) = ^0 * (V^i, 02)-) 
In the associative case the dual inner products {(ipo^ipi)) span the algebra IC{'H) 
of compact operators, and in the nonassociative case we define the norm-closure of 
the span to be the twisted compact operators IC^{Ti.). The dual inner product is 
not generally invariant under the action of G. Indeed, we have 

((e[V'0],?[V'l])) * CM =^[0-0* (01,0^2)], (4.1) 

from which it follows that {{^[ipo], £,[ipi])) = ^ ° ((0Oi V'l)) ° This means that 

there is a new multiplication ★ on lCtp{TL), so that, for A'l, K2 G A^(^), ip £ H, 

[Ki * K2) * {K2 ★ V)) , (4.2) 

where the right hand side is just the iterated natural action of K,^{T-L) on Ti. 

Lemma 4.1. The compact operators in ICtj,(Ti.) are automatically adjointable with 
((0'2,0i)) being the adjoint 0/ ((-0i, 02))- 

Proof. This is proved by consideration of {{ipo, {fpi,il'2) * ''Ps)) for V'j & j ~ 
0, 1, 2, 3. To keep the orderings clearer we write TCj = Ti, j — 0, . . . ,3, and think of 
ipj G Ti-j , so that the vectors involved in the inner product 

® ((01 ® 02) ® 03) eH*o® {{Hi H*2) ® 7^3). 

Rewriting ((0i, 02)) * 03 = ^(0i * (02, 03)), is just a rebracketing, and with three 
more such steps we can rebracket it as {Hq (8) {Hi ®H2)) ®Hz, which differs from 
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the original by a single rebracketing, and so by just one application of $ (by the 
pentagonal identity). We also have 

{H*o (E) (Hi ® ni)) ^ {{Hi (E> n;)* ® Hq)* ^ {{n-2 ® ni) ® Hq)*, 

from which we see that the adjoint of (("01, V-'2}) is {{ip2,'ipi))- O 

The associative case suggests that the multiplier algebra of the twisted compact 
operators should be a twisted version of the bounded operators, but we can be more 
explicit. 

Definition 4.2. The twisted bounded operators B^{TC) are the adjointable oper- 
ators, equipped with the G action given by^-A = ^oj4o and the twisted 
multiplication given, for A, S £ B^{TL) and -0 G by 

= (4.3) 

Lemma 4.3. If A and B are adjointable then so is A-kB and (A-kB)* ~ B* -kA*. 
Thus the adjointable operators with this multiplication form a ( generally nonasso- 
ciative) ^-algebra of twisted bounded operators B^{TL). The twisted compact op- 
erators lC^{Ti) are an ideal in B^iTi.) (and so, in particular, IC^{Ti,) is a subalge- 
bra). When </> is an antisymmetric tricharacter the twisted bounded operators are 
bounded operators but with a different multiplication. In that case, when Ti = i^(G) 
with the multiplication action of Q, SXiAi^) — then IC^{Ti.) is the algebra 

/C0(L2(G)) defined in [12]. 

Proof. This time we consider {ipi, {A*B)*'iJj2), which arises from 

ipl {{A 5)® -02) eH* {{Aa ® Ab) H), 

where the indices on A just serve as reminders of where operator lives. Similar 
rebracketings to those in the previous lemma 

{{A ® S) (X) 02) ^ 01 (A ® (B 1p2)) {ipl (g) A) (g) (B ® 02) 

((-0* «) A) «) B) «) 02 ^ (V't «) (^ «) B)) g) 1p2 , 

give us an element of (H* ® {A® A)) ^H. Moreover, 

n* (E> {Aa <8> Ab) = {{A*b A\) H)*, 

from which it follows that 

{{B* * A*) ★ ^1, 02) = <i>((V'i, (A * i?) * V2)), 

so that B* -k A* = (A*i?)*. This proves that A* B is adjointable, and allows us 
to form an algebra. In the associative case it is totally straightforward to see that 
1C{H) is an ideal because, for any A e B{H) and -0o,0i,02 6 Ti-, we have 

(^*((^O,0l)))*0'2 = A*(V'o(0'l,0'2)) = ((A*?/'o,0'l))*02, 

showing that A* ((tAo, i'l}) = {{A * Vo, 0i))- Similarly {{ipoA'i}) * ^ = ((V-o, A* * -0i)), 
from which it is obvious that left and right multiplication preserve the generators 
of IC{Ti,). In the nonassociative case, there are several rebracketings involved but, 
thanks to the pentagonal identity these reduce to 

((A*Vo,^i)> =<I>(A*((^o,0'i))). 
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The right hand side is 

J (l){x,y, z)^{x)r]{y)Ciz){{^[A] * r][i}o]X[i'i])) dxdydz d^d-qdC, 

and this is in the closure /C<^(7i) of the span of the dual inner product. 

We have already seen that when (p is an antisymmetric tricharacter the ad- 
jointable operators are the same as usual, that is, the bounded operators. The 
argument of Proposition [23] applied to Xitpo <8> {ipi ® 1P2)) = fpo{i^i,tp2) shows that 
$ also disappears from the formula for the dual inner product in this case; for 
H ~ i^(G) with the natural inner product we get the same rank one operators 
defined by the dual inner product as when (/) = I, that is, the ordinary compact op- 
erators, which are the closure of the kernels Cc(G x G), and only the multiplication 
changes. More precisely we sec that 

i{{ipo,'<Pi)) *^2){x) = <^{ipo{x){'ipi,ip2)) = Tpoix) / (j){x,y,y)ipi{y)ip2iy)dy, 

JG 

SO that for an antisymmetric tricharacter ((V'oi '4'i)){x, y) = '4'oix)ipi (y). It is straight- 
forward to check that multiplication follows from the formula of [T^ Sect 5]. □ 

Corollary 4.4. The twisted bounded operators form a *-algebra in CQ{<j)) with A* 
identified with A* . 

It is no coincidence that the same space B{Ti.) can carry both associative and 
nonassociative multiplications, as one can see from the discussion of strictification 
in Appendix [Xl 

We have thus shown that the twisted bounded operators are closed under twisted 
multiplication, without deriving any simple relationship between the norm of A-kB 
and those of A and B. In particular we do not have the C*-algebra identity \\A* ★ 
A|| = However, there is a simple substitute for this. 

Proposition 4.5. For any A in the algebra of twisted bounded operators B,p{Ti.), 
A* kA^Q if and only if A = 0. 

Proof. It is clear that ^ = implies A* * A = 0. Conversely, for any -0, {Atp, Aip) 
is obtained from {ip , {A* -k A)tj;) by the appropriate actions of Since these are 
linear, when A*-kA = we must also have {Atp, Aip) = 0, and this forces A = 0. □ 

Definition 4.6. A C*-algebra in Cg(0) is a *-algebra which is ^-isomorphic to a 
norm-closed *-subalgebraof ^^(Ti) for some Hilbert module Tl. (Here ^-isomorphisms 
are defined as usual except that they must also be CG((/')-morphisms.) 

5. MORITA EQUIVALENCE 

In Section [2] we defined bimodulcs in a category, but wc now want to study them 
in a little more detail. 

Definition 5.1. Let X he a. right ^-module for A a C*-algebra in Cg((/>), and let 
X* denote the conjugate left ^-module. An .A-valued inner product on X is a, 
morphism X* x X ^ A, written ipl(^ip2 '-^ {ipi, 1P2) fl, such that for all ipi, ip2 G X, 
and b £ A, 

(i) ^{{ipi, ■02 * = ("01: ■02)/?*^, where $ is given by the action of a cocycle 
on G; 
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(ii) ('0i,?/'i}i? is positive in A, in the sense that it can be written as a sum of 
elements of the form b* * bj with bj G A, and vanishes only when -01 = 0. 
One calls X a (right) Hilbcrt ^-module. 

Remark. Assumptions (i) and (ii) are consistent because a series of rebracketings 
and uses of (i) gives 

(V * 6, * b)R ^b** {(^, ^p)r *b) = b*^ ((^ b1; * b,) * b), 

and undoing the various rebracketings takes us back to the obviously positive term 

Y,ib,*br*{b,*b). 

This argument is slightly more delicate than one might realise, but as a morphism 
in the category the inner product must satisfy 

/[(^l,V'2)fl] = (/r[^l],/2[V^2])fl, 

as do products /[6| *bj] = fi[b*] * f2[bj], so that the various actions of cj) on the 
inner product and on the algebra products really do match each other. This was 
the reason for taking this definition of positive rather than the other possibilities, 
such as having positive spectrum, which arc equivalent in the associative case, but 
undefined or less useful here. 

Proposition 5.2. For all ipi and 1^2 & X we have {ipi,ip2)R = (V'2, V'i)ij- 

Proof. The polarisation identity gives 

3 3 

and, since property (ii) tells that the inner product is real, this is the same as 

0^2, A) R- □ 

Obviously ordinary Hilbert spaces when ^ = C, and ordinary Hilbert C*- 
modulcs (when G is trivial), provide examples. Any C*-algebra A, considered 
as an yl-^-bimodule for the left and right multiplication actions, can be given the 
^-valued inner product (ai, 02) a ~ 0102- This is certainly bilinear on A* x A and 
for the action by automorphisms one has 

/[(ai,a2)flj = f[ala2] = /i[a*]/2[a2] = {fl[ai], f2[a2]) R- 

The inner product is obviously positive, and Proposition l4.5l ensures that a**a = 
if and only if a = 0. This example can be combined with a Hilbert space Ti to 
obtain TL® A with the ^-valued inner product 

(■01 «) ai,02 ®a2)R = (-01, 02)0! a2, 

compatible with the (right) action of A by right multiplication. 

One can similarly define ^-valued inner products for left ^-modules, either as 
the conjugate of the right ^-module X* , or directly as follows. 

Definition 5.3. Let A:" be a left ^-module for A a C*-algcbra in Cg(0), and let 
X* denote the conjugate left ^-bimodule. An ^-valued inner product on X is a. 
morphism X x X* ^ A, written 0^' ^02 '-^ (V-'1j'02)l, such that for all -01, 0'2 G 
and a & A, 



C*-ALGEBRAS IN TENSOR CATEGORIES 



13 



(i) <&i((a * Vii '/'2)l) = a* (V'ij'02)-Lj where $i is given by the action of a 
cocycle (j>i on Gi; 

(ii) {iPi,i{ji)l is positive in A, in the sense that it can be written as a sum of 
elements of the form a* -k aj with aj £ A, and vanishes only when tpi = 0. 
One calls X a (left) Hilbert ^-module. 

As with the ^-valued inner product a polarisation argument shows that (ipi, tJj2)l ~ 

(^2,^l)I. 

Returning to right Hilbert C*-modules, the next task is to study the algebra of 
adjointable operators a on X which commute with the action of C(G) and admit 
an adjoint a* satisfying 

{a*^,0)R^^{iP,a*ke)R. (5.1) 
Examples are provided by rank one operators 

where $ = $i x $2- 

All this suggests an abstraction of this structure into the idea of an imprimitivity 
-4i-^2-module X. 

Definition 5.4. Let X be an yli-^2-bimodule, for Aj a C*-algcbra in Cg(0); 
j = 1, 2, such that the actions of {G,Ai) and (G,^2)are mutually commuting, and 
each generates the commutant of the other. Let X have Ai and y^2-valued inner 
products, such that each algebra is adjointable in the inner product associated with 
the other: 

(a*Vi,V'2)fi = $(V'i,a**i/'2)i?, (V'i,'02-*-fo)L = *^*,V'2)l ■ (5.2) 

In addition one asks that the inner products are full in the sense that their images 
are dense in Ai and A2, respectively, and linked by the imprimitivity condition 
that each is dual to the other, 

(V'0>i)l*V'2 =«'(V'0*(^/'l>2)i?)- (5.3) 

Then X is said to be an imprimitivity bimodulc for Ai and A2- 

We have defined bimodules within a single category Cq{4>), but this is easily 
extended to cover bimodules X for C*-algebras Ai and A2 in different tensor cat- 
egories, Cq.^(4'i) and Cg2(02), (where Gi, G2 are separable locally compact abelian 
groups with three-cocycles (f>i and <j>2)- We take G = Gi x G2 with the product 
cocycle </> = 0i x (/)2, and then Cgi(0i) forms a subcategory of Cg(0) on which 
C(G2) acts trivially (by its counit, €2), and similarly with indices reversed. Within 
Cg((/') there is no problem in taking an ^1-^2-bimodule X, which as a left module 
is in Cgi(0i), and as a right module in Cg2(02)- In particular, when G2 is trivial, 
one can use the bimodule to compare modules for twisted and untwisted algebras 
(cf. [12]). 

As with Hilbert spaces, when 0i and (j)2 are antisymmetric tricharacters the 
rebracketing which links the dual inner products is independent of <&. 

Lemma 5.5. In the case of Aj in category CQ-{(j)j), described above, when (pi and 
(j)2 are antisymmetric tricharacters the inner products are linked by 



(5.4) 
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Proof. This follows from Proposition 12.41 since the inner product ?/;* (x) -02 ^ 
{iPi,'4'2)r is a Co(Gi)-morphism, so that $i acts trivially on the terms involv- 
ing this, and i/"! (g) (V'1j'02)l is a Co(G2)-morphism, so that <f>2 acts trivially 
on the terms involving that. By rewriting the equation linking the inner products 
as 

we see that each acts trivially, so that 

□ 

Definition 5.6. Two C*-algebras Ai and A2 are said to be Morita equivalent if 
there exists an imprimitivity ^1-^2-bimodule. 

Theorem 5.7. Morita equivalence is an equivalence relation. 

Proof. Reflexivity follows by using A with the inner product (01,02) = ala2 as an 
imprimitivity ^-^-bimodule. Symmetry follows by replacing an yl-S-bimodule X, 
by the conjugate S-yl-bimodulc X* , equipped with the dual inner product. 

To prove transitivity, suppose that X and y are imprimitivity A-B- and B-C- 
bimodules, respectively, and set Z = X^^y. Certainly Z is an ^-C-bimodule, and 
it may be equipped with dual inner products as follows. The right inner product is 
obtained from the following composition of maps 

{y*(g)X*)(g){x^y) y*(g)ix*(g){x^y)) y*(g){{x*(g,x)(g)y) ^ y*(g){B(g)y) 

-^y*^y-^c, 

where the first two maps are given by the appropriate associator $, the third is 
the right inner product on X, the next is the action of B on y, and the last is the 
right inner product on Y. The end result is {yi, (xi, a;2)_R * j/2)_r, and this actually 
factors through X (g)g y. For example, the associator gives a map 

{xi,X2*b)R-ky2 {xi,X2)b^* ib-*y2) 

so that the composition depends only on X2 ®b y2- That will also apply for the 
other argument and so one really has a map Z* ® Z —* C. The map is a morphism, 
because 

(/(I) (/(*2) [2^1]. /(3) V\\)r * /(4) {V2\)r. ^ [2/1], /(2) [{xi,X2)r] * /(3) [^2])^ 

= {f{l)[yi],.f(2)[{xi,X2)R*y2])R 

= /[(2/1, (a;i,a;2)i?, *y2)_R]- 

The positivity follows from the positivity of the inner products on X and 3^, ex- 
ploiting the fact that exactly the same rebracketings occur for the inner products 
and for sums of the form 6* * bj. 

The left inner product Z ® Z* ^ ^ is similarly obtained from the composition 
of the following maps: 

{x®y)®{y*®x*) x®{y®{y*®x*)) ^ x®{{y®y*)®x*) x®{b®x*) 

X ® X* ^ A, 

and its properties similarly checked. □ 
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We saw at the end of the previous section that A" = is an iinprimitivity 
/C^(H)-C-bimodule. 

Theorem 5.8. The twisted compact operators /C^(7i) are Morita equivalent to C, 
with Ti providing the bimodule which gives the equivalence, and shows that IC^{Ti.) 
has trivial representation theory. 

Now }C^j{Hj) is Morita equivalent to C via the bimodule Hj for any Hilbcrt 
space Tij and twistings so, by the symmetry and transitivity of the equivalence, 
CHi) and K.^^ (7^2) are Morita equivalent via the bimodule Hi ®c.H.2 = Hi^H^- 



6. Exterior equivalence for nonassociative algebras 

The nonassociative algebras appear in |12| as twisted crossed products of ordi- 
nary associative algebras, when one had to lift an outer automorphism. In this 
section wc return to that situation. 

In the case of a Dixmicr-Douady class on a principal T-bundlc E described by 
a de Rham form along the fibres, there is a homomorphism from T to the outer 
automorphism group of an algebra A with spectrum E. This is lifted to a map 
a : T ^ k\it{A) with 

a^Uy ^ a.A{u{x,y))a^y , (6.1) 

and 

u{x, y)u{xy, z) = (j){x, y, z)ax[u{y, z)]u{x, yz) . (6.2) 
Any other lifting (3 would have the form 

I3x[a] = a.A{wx)cix[a\ , (6.3) 

for suitable Wx G A, and 

PxPy = ad(w(a;, y))l3xy ■ (6.4) 
For trivial u and v this is just the usual exterior equivalence. 

Lemma 6.1. If ~ &A{wx)ax then PxPy = 3.d{v{x,y))f3xy with 

v{x,y) = c{x, y)wxax [wy\u{x, y)Wxy , (6.5) 
for some central c{x,y), and this is the most general form of v. 
Proof. For consistency, we must have 

a.A{v{x,y)wxy)axy[a] = a.d{wx)ax[&A{wy)ay\a]] 
= &d{wxax[wy])[axay[a]] 
= a.d{wxax[wy\u{x,y))[axy[a]], 

so that we must have 

v{x,y)wxy = c{x,y)wxax[wy\u{x,y) , 
for some central c{x, y). □ 

For genuine representations when u and v are identically 1, this reduces to the 
usual requirement for exterior equivalence, 

Wxy = WxaxlWy] . (6.6) 

We can now prove the following result well known in the algebraic context. 
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Lemma 6.2. Different liftings of an outer automorphism give cohomologous cocy- 
cles (j), that is, cocycles differing by a coboundary 

{dc){x,y,z) = — -. (6.7) 

c(x,yz)c{y,z} 

Proof. In general, we can now calculate that 
v{x,y)v{xy,z) 

= c{x, y)c{xy, z)wxa4wy]u{x, y)w~yW^yaa:y[w^]u{xy, z)w~y^ 

= c{x, y)c{xy, z)wxa.x[wy\u[x, y)a^y[w^]u{xy, z)w~y^ 

= c{x, y)c{xy, z)wxax [wy]aa:ay [w^]u{x, y)u(xy, z)w~y^ 

= y, z)c{y, z)c{x, yz)w^ax[wyay[wz]u{y, z)]u{x, yz)w~y^ 

= {4>.dc){x, y, z)c{y, z)c{x, yz)wxax[wyay[wz]u{y, z)wy^]ax[wyz]u{x, yz)w~y^ 

= {<l>.dc)(x, y, z)wa:aa;[v{y, z)]w~'^v{x, yz) 

= {(f>.dc){x, y, z)(3x[v{y, z)]v{x, yz), 

showing that u and v have cohomologous cocycles (j) ^^nd (jj.dc. □ 

Theorem 6.3. The crossed product algebras A xIq_„ G and A X/3,u G, with fix = 
a,(l{wx)oix and v(x,y)wxy = Wxax[wy]u(x,y), are isomorphic. 

Proof. The product of /, g e ^ xi fj,y G is given by 

if*f3.v9){x) = / f{y)Py[g{y^^x)]v{y,y^^x)dy 



f{y)wyay[g{y ^x)]Wy'^v{y,y ^x)dy 

f{y)wyay[g{y^^x)wy-ix]u{y, y~^x)wf:^ dy, 
so that we may set fw{x) = f{x)wx to get 

{f'^l3,v g)w{x) = {fw*a,ugw){x), 

and similar calculations on /* confirm that / t-^ f^ is the required isomorphism. □ 

So, up to isomorphism, the twisted crossed product depends only on the outer 
automorphism group, and a matching multiplier. The choice of v does matter, since 
even when u ~ 1 the crossed product is not usually isomorphic to a twisted crossed 
product. In fact, if we take (fi = dc, the composition of twisted compact operators 
is given by 

iKi*K2){x,z) (6.8) 
Ki{x, y)K2{y, z)dc{xy~^ ,yz~'^ , z) dy (6.9) 

= J Ki{x,y)K2{y, z)c{xy~^ ,yz^^)c{xz^^ , z)c{xy^'^ ,yy^c{yz^^ , zy^ dy 

= c{xz~^,z) / Ki{x,y)c{xy~^ ,y)~'^K2iy, z)c{yz~^ , z)~^c{xy^^ ,yz~'^) dy . 
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This can be rewritten in terms of Ki{x, y) = Ki{x, y)c(xy ^ ,y) ^ as 

{Ki^K2nx,z) = f K'^{x,y)K^{y,z)cixy-\yz-')dy, (6.10) 



showing that the new multiplication is still twisted. Indeed, it is obtained by 
applying the untwisted multiplication to the image of Ki (x) K2 under the action 
of c S C'(G) ® C(G). Even such slightly deformed products can have very different 
differential calculi, as investigated by Majid and collaborators (particularly the 
recent preprint pJJ). 

We now define two automorphism groups with algebra- valued cocycles (a, u) and 
(/3, v) to be exterior equivalent if 

= Sid{wx)ax, and v{x,y) ^ Wxax{wy)u{x,y)w~y . (6.11) 

These can be rewritten as 

ar, ^ a.d{w~'^)(3^, and u{x,y) ^ f3^{wy'^)w~'^v{x,y)w^y , (6.12) 

demonstrating the reflcxivity of the equivalence, and similarly the product of the 
algebra elements gives transitivity. 

We now can easily rephrase (and shorten) the derivation of Packer-Racburn 
equivalence [TH Cor 4.2]. The cocycle equation for u can be written as 

u{x,y)u{xy,y^^x^^ z) = <j>{x,y,y~'^x~'^z)ax[u{y,y~'^x~^z)]u[x,x'~'^z). 

We now work in ^ /C(L^(G)) which acts on a <E A® L'^{G). Wc define 

{wxa){z) — u{x,x~^ z)a{x~^ z), 

and Px — a.d{wx)oix and use the above version of the cocycle identity to show that 
{a,u) is exterior equivalent to {(i,v) with [v{x,y)a){z) = (j){x,y,y^^x^^z)a{z). 

7. The general duality result 

In this section we generalise the construction at the end of Section [S] to general 
C*-algebras with twisted actions. 

Theorem 7.1. Let B be a C* -algebra on which the group G acts by twisted automor- 
phisms (3g, with twisting given by v{x,y), satisfying the deformed cocycle condition 
with tricharacter obstruction cj). The twisted crossed product [B X/3,„ G) x G is iso- 
morphic to the algebra of B- valued twisted kernels B ® 1C-t(L'^ (G)) with the product 



(ki * k2){w, z) = / ki{w,u)k2{u,z)(j}{wu ,uz , z) du . (7.1) 

The double dual action on (B x p^y G) x: G is equivalent to 

0ykF)iw,z) = (j){wz-\ z,y)a.d{Vyy^[Py[kFiwy, zy)]] , (7.2) 
which is the product of the original action (3y and a twisted adjoint action of 

yyyz) = , _^ ^:^r^v{y,z ), (7.3) 

0(t/z '-,zy \y) 

on B-valued kernels. 
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Proof. The twisted crossed product S xi^,« G consists of ;B- valued functions on G 
with product 

and {B xifj.v G) x: G consists of Z5- valued functions on G x G with product 

GxG 

F{y,v)f3y[il{y^^x)G{y^^x,T]^'^^)])v{y,y^'^x)dydr]. 

I GxG 

We now Fourier transform with respect to the second argument, so that 



F{x,z)^ / F{x,i)az)d^, 
Jg 

to get 

{f7g){x,z) = f F{y,7^)f3y[riiy-^x)G{y-'x,7i-'0]Hy,y~'x)az)dydvdC 

F{y, r])r]{y-^xz)(3y[G{y-^x, V~^0{v~^0{z))]v{y, y~^x) dydr]d^ 
F{y, y^^xz)[3y[G{y^^x, z)]v(ii, y^^x) dy. 



Next we introduce kp{w,z) = Pj^~-i[F{wz~^ , z)]v{w~^ ,wz~^) and by setting w = 
xz in the last product formula, applying /3tu-i, and using the standard identities 
for V and 0, we obtain 

kp^G{w, z) = /3tu-i [F * G)(wz~^ , z)]v(w~^ ^wz'^) 

Pw-^ [F{y, y^^w)]l3^-il3y[G{y^^wz-^ , z)]l3.^-i [v(y, y-'^wz^'^)]v{w^'^ ^wz^^) dy 

_ [F{y, y-^w)]v{w-\y)f3^-.y[G{y-^wz-\ z)] 
X v{w^^y, y^^wz^^)(j){w^^ ^ y, y^^wz^^) dy 
kpiw, y~^w)kG{y~^w, z)(j){w~^,y, y~^wz~^) dy 

kp{w, u)kG{u, z)(f>{w~^, wu^^ ,uz^^) du. 

Now, by the cocycle identity 

_i _i (j){u-^,uz~^,z)(p{w^^,wu-^,u) 
4>{w ,wu ,uz ) = -7 — — — r-j—l — — 

from which it follows that with kp{w,u) = kF{w,u)4>{'w~^ ,wu~^ ,u) we have 

kF*Giw,z)~ / kp{w,u)kQ{u, z)(l){wu^^ ,uz^^ , z)^^ du. 
Jg 

Thus we have an isomorphism with valued twisted kernels B ® 1C-t{L'^ {G)) . 
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We can also compute that the double dual (untwisted) action of y G G takes 
F(x,^) to £,{y)F{x,£,). Integrating against ^(z) we see that this takes F{x,z) to 
F{x, zy), and so kp to 

0ykF){w,z) = /3.^-i[F{wz~'^ , zy)]v{w^'^ ,wz~'^) 
= f3y{wy)-^)[F((wy){zyy^ , zy)]v(w~~^ ,wz~^) 
= ad(w(?;, {wy)~'^))~^ (3y/3(^^y-j-i[F{{wy){zy)~'^ , zy)]v{w-'^ ^wz''^) 
= v{y, {wyy^y^Pylkpiwy, zy)v{{wy)~'^ ,wz~'^)'''^]v{y, {wy)~^)v{w~'^ ,wz~'^) 
= v{y, {wyy^y^ Py[kF{wy, zy)]Py[viiwyy^ ,wz^'^)]^'^v{y, (w?/)"^)w(w~\ wz"^) 
= v{y, (wyy^)"^ Pyikpiwy, zy)](j>(y, {wy)~^ ,wz^^y^v{y, [zyy^). 
This in turn, with a couple of applications of the pentagonal identity, gives the 
following expression for {Pykp){'w, z): 

cl){w~^,wz~^,z)(j>{y^'^w^^,wz~'^,zyy^(l){y, {wyy^ ,wz~'^)~'^v{y, (wy)"^)"^ 

X f3y[kF{wy, zy)]v{y, (zy)"^) 
_ (j>{w-'^,wz-^,z) (j){y,y~^z-^,zy) 



v{y,{wy) ^) ^Py[kFiwy,zy)]v{y,{zy) ^) 
{wz-\z, y) y^'^, '^1'^^ . v{y, {wy)~^)~^Py[kFiwy, zy)]v{y, (zy)"^) 

ny,y ^,wy) 



{w ^,wz ^,zy)(j>{y,y % ^,wy) 

-1 X H'U)' 
^ '^'2^)t7 - 

ny,y 
(l){y,y~^z-^,zy) 



(j){z-^ z y) ~ -^(^^ ^,z,y)ad{Vy) ^ f3y[kF{wy, zy)], 

where Vy is defined in the Theorem. This is the product of the original action 
(3y, and a twisted action on i3-valued kernels, which combines the original action 
f3y with an adjoint action of Vy, and an action on kernels of the type discussed in 
[121 Sect 5]. (Two actions a and P linked by an inner automorphism adu can be 
removed by an exterior equivalence.) □ 

As a consequence of this result we can, when convenient, replace an algebra B 
with twisted action by a (stable) nonassociative algebra B ® IC^{L'^{G)) with an 
ordinary action. 

Since the arguments are now quite general they could also be used to show 
that the third dual is isomorphic to the first dual tensored with ordinary compact 
operators. 



8. Twisted and repeated crossed products 

The standard Takai duality theorem can be seen from a different perspective 
by identifying the repeated crossed product (^ x G) x G with the twisted crossed 
product Ax (G Xo- G), where the twisting is done by the Mackey multiplier a on 
G X G given by a{{y,r]), (x,^)) = 'rj{x). (For G = R, every multiplier is equivalent 
to a Mackey multiplier.) In fact the crossed product ^ x G consists of ^-valued 
functions a, b, on G with product 

(a * b){x) ^ a{y)ay[h{y-^x)] dy , (8.1) 
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with G-action (a^[a])(a:) = ^(x)a(x), and the repeated crossed product similarly 
consists of functions from G x ^ G to ^ with product 

(a..)(.,«)^/„(„,,)SF^o.|Mr'.,.r'01*<i,^ (8^2) 

Now a twisted crossed product given by a projective action /? of G x^. G would have 
product 

(a * b){x, = y" '7)Ay,T,) [Hy^^^, V~^0]'^{{y, V), {y~^x, jy-^C)) dyd-q , (8.3) 

and we see that these match if P{y,r]) = oty and cr((j/, r]), {x, ^)) = 7?(x). The duality 
theorem then follows from Green's results on imprimitivity algebras and the fact 
that the twisted group algebra of G Xg- G is essentially the algebra of compact 
operators on i^(G). 

This equivalence between a twisted crossed product and a repeated (untwisted) 
crossed product has an analogue when the twisting is done with a three-cocycle, 
which can be exploited in reverse, to reinterpret the twisted crossed product as a 
repeated crossed product. We take two exterior equivalent twisted automorphism 
groups (/3,w) and [P.v) of a C*-algebra A: 

a.A{wx)l3x, and v{x,y) ^ Wxl3x{wy)v{x,y)w~y . (8.4) 

Both 1) and v define the same three-cocycle (p, which we shall assume to be an 
antisymmetric tricharacter, so that when trivial it is identically 1. 

Theorem 8.1. For a separable locally compact abelian group G and a stable C*- 
algebra A, let p : G Aut(^) be a twisted homomorphism with P(^/3ri = ad(u(^, ?7))/3{; 
for all ^, 77 e G. Suppose that G = Gi x G2, where Gj has trivial Moore cohomology 
H^{Gj, U(l)). Suppose that the corresponding three-cocycle <j> is identically 1 on Gi 
and is also 1 when two of its arguments are in G2 (this being true for antisymmetric 
tricharacters on X R). Then we may take v to be trivial on the subgroups Gj 
and {P,v) is exterior equivalent to {(3,v), where 

P.x=f3ccPx, and dixX,yY) = P,[v{X,y)] (8.5) 

where lower case letters denote elements of Gi and capitals elements of G2, and 
v{X,y) = v{X,y)v{y, X)~^ . The cocycle v satisfies 

v{XY, z) = l3xHY, z)]v{X, z), and 

v{X, yz) = c^iX, y, z)-^v{X, y)/3y[v{X, z)] , (8.6) 
and V defines the three-cocycle ip{xX, yY, zZ) = (/'(^, y, z)^ . 

Proof. Since = 1 on the subgroups, the stabilisation theorem ([T^ Cor4.2] and 
below) tells us that we may also take w to be 1 on the subgroups. It follows from 

the definitions that PxX = Sid{v (x, X))l3xX , so that we could take Wxx = v{x,X). 
In fact it is more convenient to make a slightly different choice since we also have 

/3e/3r, vi£.,v)0iv = ad(w(C,??))/3,,/3?, 

from which we deduce 

iPMiPyPY)=PxWxPy)PY 

= Px&A{v{X,y))l3y(ixPY 
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= i^d{P4v{X, y)])ad{v{x,y))f3^yad{v{X,Y))l3xY ■ 

Since the cocycle v is determined up to scalars, and v{x, y) = 1, v{X, 1") = 1 on the 
subgroups, this gives us the required form v{xX,yY) = l3x^{X,y)\. Alternatively 
we can see that up to scalar factors Wxxl3xx[wyY]v{xX,yY)w~yXY is 

(ix[v{X,y)]v{x,y)l3xy][v{X,Y)] = PMX,y)] 
using the triviality of the restriction of v to the subgroups. Now, we also have 
viXY, z) = 4>{X, y, z)v{X, Y)-^PxHY, z)]v{X, Yz) 
= 4>{X, y, z)v{X, Y)-^Px[v{Y, z)]<t>{X, z, Y)-\{X, z)v{Xz, Y) 

= y, z)c^{x, z, Yy\{x, r)-i 

X Px[v{Y, z)]v{X, z)(j){z, X, Y)PMX, Y)]v{z, XY) , 

and using the triviality of v on subgroups, and the fact that (f> must be trivial 
whenever two of its arguments are in G2; this reduces to 

v{XY,z)^ Px[viY,z)]viX,z). 

Similarly, we have 

PxHy,z)]viX,yz) = <j>iX,y, z)-\{X,y)viXy, z) 

= (j>iX, y, z)- X, z)viX, y)f3yHX, z)]viy, Xz) 

= y, z)- X, z)v{X, y)f3y[v{X, z)]0(y, z, XyMy, z)«(yz, X) , 

and using the triviality of v on subgroups as well as the antisymmetry of this 
reduces to 

v{X,yz) = <l,{X,y,zr^v{X,y)Py[v{X,z)]. 

We then have 

v{xX, yY)d{xyXY, zZ)v{xX, yzYZ)'^ 

= Px[v{X, y)]l3xy[v{XY, z)]Px[v{X, yz)]'^ 

= /3,[«(X,y)/3,[«(Xy,z)]?(X,yz)-i] 

= y, z)-3^,[~(^^ y)(iy'^{XY, z)v{X, z)-^v{X, y)-^\ 

= y, z)-3/3,[?f(X, y)(5y{(ix [?(y, z)\v{X, y)-^\ 

-0(X,y,z)-3/?^/?x[/?,Rr,z)]] 

= 0(X,y,z)-3/?,/3.Y[«(yy,zZ)], 

showing that a cocycle identity holds for v. The corresponding three-cocycle 
ip(xX, yY, zZ) ~ (f>{X, y, z)^ is not antisymmetric, but its antisymmetrisation, 

[(p{xX, yY, zZ)tp{yY, zZ, xX)ip{zZ, xX, yY)] i = (j){X, y, z)(j){Y, z, x)<f){Z, x, y) 

= <l>{xX,yY,zZ), 

is just the original cocycle (j>. □ 

Theorem 8.2. Writing fY{y) = f{yY), the crossed product algebra A x^- G ^ 
{A X Gi) x^ G2 has twisted convolution product 

if*9)x^ f fY*jY[9Y-^x]dY, (8.7) 

JG2 



22 



P BOUWKNEGT, KG HANNABUSS, AND V MATHAI 



where f3x[f]{y) = Px[f{y)]'v{X,y), and *2 denotes the convolution product on 
^ X Gi. The map X — s- Px is a group homomorphism, and (3x gives an isomor- 
phism between twisted crossed products for multipliers <j and 4)x<^, where (f>xiy, z) = 
(j){X,y,z). 

Proof. Wc calculate that 

{f*g)ixX) = f f{yY)/3yf3Y[g{y-'xY-'X)Py[v{Y,y-'x)]dydY 

fiyY)py[pY[g{y-'xY-'X)]viY,y-'x)]dydY 

f{yY)f3y0Y[giy''xY-'X)]]dydY , 
so that 

(/ * g)x = j fv*! /3y [5y-ix] dY. 

We can then check that 

PxPyUKz) = (3xW[f{z)]v{Y, z)]v{X, z) 
^ (3xY[f{z)](3x[v{Y.z)]v{X,z) 
^PXY[f{z)]v{XY,z) 

^PxY[f]{z). 

Next consider a twisted crossed product with [/(l)-valued multiplier a 

(^x[n*Px[g]){x)^ I px[f]{v)Py[Px[g]{y~^z)]a{y,y-^x)dy 



= / Px[f{y)]v{X,y)(iy[Px[g{y'^z)]v{X,y-^z)]a{y,y-^x)dy 

Px[f{y)]Px[fiy[g{y~^x)]]v{X,y)(3y[v{X,y-\)]<j{y,y-^x)dy 
Px[ / f{y)Py[g{y^^x)]Lp{X,y,y-^x)a{y,y~'^x)dy]v{X,x) , 



which differs from (3x [f * g] {x) by the insertion of <p(X, y, y ^x) in the convolution 
integral, changing the multiplier a to ^p{X, ■, ■)a. □ 

This result tells us that the twisted crossed product multiplication for ^ x G can 
be obtained by doing repeated crossed products but with a modified automorphism 
action of the final subgroup. The result is still nonassociative because one still 
has the three-cocycle (p. There is no inconsistency because (3x does not act as 
automorphisms of a crossed product ^ x Gi. We shall now show how to modify 
things to get a more useful result. 

Suppose now that we replace the algebra A by an algebra B which admits not 
only an action of G but also a compatible action of C(G2) = C(G/Gi). (This would 
be automatic for an algebra induced to G from a subgroup N.) 

Theorem 8.3. Let B be a C* -algebra admitting an action (3 of the abelian group 
G = Gi X G2 with multiplier v and (j) satisfying the conditions of the previous 
theorems and also a compatible action of C{Q2). Then B x^^yG is stably equivalent 
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to an ordinary repeated crossed product (•Sxi^^ Gi) x:^^ G2, where (3j is the restriction 
of (3 to Gj . 

Proof. We have aheady seen that, by replacing (/3, w) by {P,v), the multipliers 
on the subgroups are trivial and that when one splits the crossed product into a 
repeated crossed product the first part is just an ordinary crossed product with 
the action (3i. Now, by the Packer-Raeburn trick, this is stably equivalent to a 
projective crossed product with the C(G2)-valued multiplier (y, z) defined as the 
function X ^{X, y, z), The advantage is that Px is now an automorphism, since 
when we put cr = t/?, we have 

(Px[f] *^Jx[9]){x) = J Px[f]{y)f3v0x[g]{y-'z)]^,{y,y-'x)dy 
= J l3x[f{y)]viX,y)f3y[px[giy-'z)]v{X,y-'z)]^,{y,y-'x)dy 
= J f3x[fiy)]Px[f3y[g{y-'x)]]viX,y)Py[viX,y~'x)]ip,iy,y-'x)dy 
= J Px[fiy)]Px[f3y[giy-'x)]]ip,{y,y~^x)ipiX,y,y-^x)dy]viX,x) 
= /^x[y f{y)Py[g{y~'^x)]ip,{y,y~^x)dy]v{X,x) = Px[f *<p. g] , 

where ipziy, z)ip{X, y, z) = ipzx{y, z) = Pxi^ziy, z)Px^ follows from compatibility 
of the actions. □ 

This result takes us quite a long way towards proving the analogue of the Connes- 
Thom isomorphism in our context. We take G = R^, with the subgroups Gi = R^, 
and G2 = M. In [T^ the algebra has the form B = indzs^, and so has an action of 
M.^. As already noted the Moore cohomology group is trivial on the subgroups 
Gi = and G2 = M. Using Theorem 7.1 we express the twisted crossed product 
B XI K.^ as a repeated crossed product (S xi M^) x M. The standard Connes-Thom 
isomorphism tells us that K^, (B xi ) = {B),so that the first crossed product does 
not change the ii'-theory. The second crossed product with G2 is more problematic 
because the group does not act as automorphisms. However, it is stably equivalent 
to the case where one does have automorphisms. In that stably equivalent algebra 
the ordinary Connes-Thom theorem then asserts that the if-thcory of the crossed 
product {B XI R^) xi R is the same as that of i3 xi R^ and so of B, apart from a shift 
of 1 in degree. Superficially this appears to have proved the desired generalisation 
of the Connes-Thom theorem to the twisted algebra B x^^„ R^, but the missing 
ingredient is to check that the stabilisation equivalence valid for ordinary i^-theory 
is also consistent with the definition of i^-theory in the category Cg (</>). 

9. Some remarks and speculations related to isT-THEORY 

Here we give an application, to a version of /-^-theory, of Takai duality in our 
context. For A an algebra in the category Cg(0) we can define the ring Ko{A,^) 
of stable equivalence classes of projective finite rank ^-modules in Cq{4)). Wc have 
already seen that these modules are also A x G-modules, and it follows from Propo- 
sition A. 2 that these are also finite rank and projective. There is thus a natural 
identification of Ko{A,^) with the stable equivalences of finite rank projective 
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A x: G-modules. There is a caveat that Ko{A, 1) does not reduce to the i^-theory 
of the G-algebra A, since the finite projective ^-modules used in the definition are 
also expected to be G-invariant. The reason is that only G-invariant projections are 
well defined in the category Cg ('/'), cf. below. In fact, Ko{A, 1) = Ko{A x G), and 
for G = R'' Connes-Thom isomorphism theorem gives Ko{A x: G) = Kd{A), so that 
Ko{A,l) ^ Kd{A). 

Wc actually want to apply this to a C*-algebra of the form A = B G, with 
B associative, to find Kq{B x G, $) in terms of equivalence classes of (6 xi G) xi G- 
modules. By Theorem l7.1[ one has (i3x G) x G = B(8)/C^(L^(G)), which by Appendix 
A, can be strictified to the associative C*-algebra A^(i^(G)). (There is a natural 
correspondence between the modules since the nonassociative effect of 3> appears 
only for repeated actions, and the action itself can be defined in the same way 
for both cases. The strictification functor thus preserves the properties of being 
finite rank and projective.) This associative C*-algebra is Morita equivalent to B 
itself, so that the stable equivalence classes of finite rank projective modules for 
(Z5 XI G) X G are in natural bijcctivc correspondence with those for B, that is, with 
Ka{B ® /C(i2(G))). In other words KoiB x G, $) = Kq{B ® IC{L^{G))). 

At first sight a degree change appears to be missing, but this is a consequence 
of the way we have defined Kq(A,^), as previously explained. The morphisms in 
the category Cg(0) with associator (f> are G-maps, and so projective modules for an 
algebra A in this category arc submodules of free modules defined by G-invariant 
projections E. Such modules can also be thought of as submodules of free modules 
defined by idempotents e in a matrix algebra Mn{A), so that Ev = v -k e. We then 
see that 

V -k g\e] = g{g~^v * e) = g{Eg~^v) = Ev = v-k e , (9.1) 

so that e = g[e\ is invariant under the action of G. 

To properly define the iiT-theory of a C*-algcbra in the category Cg (</>), we need 
to consider an enveloping category that includes not just G-morphisms. One such 
candidate is the Karoubian enveloping category, and will be considered in a future 
work. We also plan to investigate Tannakian duality and its consequences in our 
context. More precisely, let G denote the Euclidean group, and the 3-cocycle on 
it as in the text. Then our tensor category Cg(0) is just a twisted representation 
category, Rep^(G, </>), where the subscript is a reminder that we take topology into 
consideration. Then the dual tensor category consists of continuous, tensorial func- 
tors 3^ : Repf,(G, (j)) B{V), where B{V) denotes bounded operators on the Hilbert 
space V . Here V varies, and tensorial means respecting the structures in the tensor 
category. The dual tensor category is a tensor category denoted by Rep^(G, 0)', and 
the putative analog of Tannakian duality in this context would say that Rep^(G, (j)) 
and Repj,(G, 0)" are equivalent tensor categories. The consequences of Tannakian 
duality applied to C*-algebras within Cg(^) = Rep^(G, (p) will also be explored. 

Appendix A. Equivalence to a strict category 

MacLane showed that every monoidal category is equivalent to a strict category 
in which the structure maps such as ^ are the obvious identity maps. The general 
construction is described and applied to the category Cq{4i) in [11[2]. We shall give 
a simpler alternative construction which works in this case, and it is one of those 
cases where the structure is more transparent in the more general category C^($) 
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of modules for a Hopf algebra H, although we shall apply it to H = C*(G) ^ Co(G). 
(It is to some extent motivated by our observation that ^-modules in the category 
Cg((/)) are automatically modules for the crossed product ^ xi G.) 

The algebra H is an H-H-bimodule under the left and right multiplication actions, 
and so, in particular it is an object in C'^($), though it is not an algebra in the 
category, since its multiplication is associative in the strict sense. We shall exploit 
this dual role of H to construct the functor to a strict monoidal category. 

Consider the functor F which takes each object A of C^(<I>) to the algebraic 
tensor product F{A) = ^ (g) H, and each morphism T e hom{A, B) to F{T) € 
hom{F{A),F{B)) which sends a ® h to T{a) (g> h. (When H = Co(G) we can 
use F{A) = C{G,A) as a more convenient alternative.) Since H is a bimodule 
F{A) is an H-H-bimodule, with the right multiplication action by H, and the left 
comultiplication action, given in Swcedler notation by 

h- {a®k) = Ah{a fc) = /i(i)[a] ® /i(2)fc- 

With these actions we may take the new tensor product operation to he A®f B ^ 
A®hB (or A®Co{Q) for which the new identity object is F{C) — H (or Co(G)) 
itself. 

Theorem A.l. 

(i) For A e C^(4>) set F{A) = A(E)H and let the tensor product F{A) (E)h F{B) 
be the quotient o/ (^(g)H)Cx)(i5(g)H) by the equivalence relation that {a-h)(x)b ~ 
a(E){h- b), for all a £ F{A), b £ F{B) andheH. Then 

F{A) 'S)hF{B)^F{A<»B). 

(ii) For A G Cg(0) set F{A) ~ C{G,A) and let the tensor product [F{A)(Sco{G) 
F{B)] be the quotient of C{G, A) (EiC{G,B) by the equivalence relation that 
{a-h)®b ^ a®{h-b), for all a G F{A), b G F{B) and h G Co(G). Then 

F{A) ®Co(G) F{B)9^F{A®B). 

In each case set F(T) = T^id for a morphism T . Then F defines a functor 
between tensor categories. (The associator in each case is just $ tensored 
with the identity.) 

Proof. We have 

F{A) ®H F{B) = (^ H) ®H (S » H) (^ i3) ® H = F{A ® B), 

giving the result and showing consistency with the previous tensor product. (In 
Sweedler notation we have the isomorphism is given explicitly by {a(!S)h)(E>H {b(E>k) i— > 
(a (8) A{h){b k)) = (a ® (^(i)&) ® (^(2)^)-) Most of the rest is easily checked. In 
particular, we find that 

((a (g) h) ®H {b(»k)) g)H (c® = ((a® /i(i)M) ® (/i(2)fc(i) H)) ® ^(3)^(2)' 

= ($ id)[(a g) h) ®H [{b k) ®h (c ® I)]] . 

□ 

For future reference we also note the connection with the crossed product. 



26 



P BOUWKNEGT, KG HANNABUSS, AND V MATHAI 



Proposition A. 2. If A is an algebra with multiplication * then F[A) can be given 
the multiplication defined by the maps 

F{A) 0H F{A) = F{A (E)A)^iA^A)(g)H — > ® H) = F(^), 

where the arrow denotes the map ★Cg' 1. When H = Co(G), F{A) equipped with 
this multiplication is just the crossed product ^ xi G. If M. is a module for A then 
F{M-) is a module for F(A), and (id Cg) e)F(A4) can be identified with M. regarded 
as a A yi G-module. 

Proof. Wc have 

(a (Xi ft.) (8) ® A:) = (a (8) ft(i) [b]) (g) h(^2)k i-> (a * ® ^(2)^, 

which is the crossed product multipHcation in ^ xi G, when H = Co(G). Replacing 
b by an element of M. and applying e (which is a counit and a multiplicative 
homomorphism) we have 

(id (g) e)[(a (g /i) ★ (m (g) k)] = (a (g) [m])e(ft(2)A:) 

= (a*/i(i)[m]) g) e(/i(2))e(fc) 
= (a*/i[m]) g) e(fc), 

as required. □ 

The advantage of expressing the crossed product action in terms of F is that the 
functor respects direct sums and maps the free ^-module yl" to the free ^ x G- 
modulc {A X G)". If Al is a finite rank projective module defined by e : A" Ai, 
then F{A4) is a finite rank projective module defined by {A ><! G)" F{A4), and, 
taking the image under id(ge, we see that Mis a, finite rank projective G-module. 

We now introduce a new tensor product F{A) o F{B), such that for a g F[A)^ 
h e F{B), and c G F{C), we have 

{aob) ®hc~ a®H {b <gH c). 

This can be done explicitly using (f>, since 

(a o 6) g)H c = $"^((a g)H 6) g)H c), 

and is given by the left action of an element G Hg)Hg)H on A(8B(E)C. For 
convenience we shall write (j>~^ in a Sweedler type notation a,s (f>~^ = (/)' g) 4>" g) 0"', 
but this is neither intended to imply that (jj is decomposable nor that this is in the 
range of (A g) 1)A. We then have 

(a o 6) g)H c {(j)' ■ a ®H 0" • b) g)H (j)"'c ^ {(j)' ■ a ®h <f>" ■ b) ■ (j)'" (gn c , 

or, formally, 

a o 6 = (0' . a (gH 0" • 6) • 0"' G F{A) ®h F{B). 

In fact, this expression makes perfectly good sense (in the multiplier algebra if not 
in the original algebra), and can be used as a definition of a o 6. (This would not 
have been true in the original setting with a £ A and b € B, and the original tensor 
product, since there was only a left action and the argument would have led to 
a o 6 = (0' • a (gH 0" ■ 6) (g (f>"' G {A^ B) not in A® B. Whether it makes sense 
in the original algebra or in some slightly extended algebra depends on the detail 
of the situation. The case when H = Co(G), F{A) = C{G,A) gives a large enough 
algebra to work whilst the algebraic tensor product would generally be too small.) 
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Another useful way of thinking about the product is that F{A'E>B) ^ [{A®B) ® 
H], and maps this to ^ (g) (fi ® H) - ^ (g) F{B) - F{A) ®h F{B). 
As a consequence of the definition, for d G F{'D) 

(a o 6) o c) eg) d = (a o 6) g) (c g) d) 
= ag) (6g) (cg)d)) 
= a g) ((6o c) g) d) 
= (a o (6 o c)) g) c?, 

and taking P = H we see that we now have strict associativity. We note that if H has 
a unit 1 the original algebra A can be identified with the subalgebra A®1 C ^g) H, 
(or in the case of H = Co(G) with the constant functions in the algebra C{G,A)). 
These are not closed under the new tensor product o. 

The new tensor product now carries over to products on algebra, so that ★ is 
replaced by a new product a * b = ip^la* b], where (f>z{x, y) = 4>{x, y, z) acts as an 
element of C(G) g) C(G), The associativity of this may now be checked by either 
of the above calculations, and similarly for actions of algebras on modules. In 
summary, the action of an algebra ^ on a Co(G)-module can always be replaced 
by an action of the crossed product ^ x G, which a Fourier transform identifies 
with C(G,,4), which means that for modules one always works with the objects 
whose multiplication can be made associative. This result clarifies the paradox 
of the relevance of nonassociative algebras when algebras of operators are always 
associative, for we see that in representation the action of nonassociative algebras 
can always be replaced by an associative action if one so wishes. The situation 
is rather similar to that of projective representations of groups, where, for any 
multiplier cr on a group G, a projective cr-representation of G can be obtained 
from an ordinary representation of its central extension G'^. Nonetheless, there 
are situations in which G and a appear naturally or linking a number of different 
situations, so that although G"^ is technically useful, it does not really capture the 
essence of the situation. The study of the canonical commutation relations as a 
projective representation of a vector group provides a good example. The central 
extension has representations allowing all possible values of Planck's constant, and 
so misses an important feature of the physical situation. 

In addition to the left and right actions of H , when H is a Hopf algebra there is 
also a right coaction of H on F{A) = A®V\ given by 

id g) A : ^ g) H g) H) ® H, 

and similarly for Co(G). There is no rebracketing problem since H is the algebra 
whose modules give the objects rather than an object itself, and the fact that this 
is a coaction follows from the coassociativity of A. To check compatibility with the 
tensor product structure, we note that 

(a g) h) g)H (6 g) fc) = (a g) ®u {b <E> h(2)k) 

i~> [{a g) h(i)) g)H {b g) /i(2)fc(i))] g) ^(3)fc(2) 
= [(a g) g)H {b g) g) /i(2)fc(2), 

showing direct compatibility with the coaction on the individual factors. (With a 
little modification of the functor F it is possible to work with quasi-Hopf algebras 
too.) 
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If we instead consider the dual action of in the dual Hopf algebra H* given in 
Sweedler notation by 

9[a iS> h] = 0(/i(2))a , 

where 0{h(2)) denotes the pairing of H* with H, then this shows that one has the 
correct action on tensor products. We can therefore regard F as a functor from 
C"($) to C"*(l) (or from Cg(0) to Cg(l)). 

A.l. Example: Strictification of the twisted compact operators. The eas- 
iest way to see how the strictifcation works is to consider an example, such as the 
algebra K:^{L^{Q,)), which maps to F{K,4,(L^{G))) = C{Q,1C^{L\Q))). We first 
note that the product oi a®h and h®k\nA® Co(G) is given by 

((a (g) ft,) * (6 (g) k)){x) = (a* ft(i)[6]) ® {h^2)k){x) = (a*/i(i)[6]) ® h{2){x)k{x). 

Now, defining hx{u) = h{ux) = {Ah){u,x) = (u)ft(2) (2^)7 we see that the prod- 
uct can be rewritten as 

{{a(g)h)-k{b(g)k)){x) = {a-khx[b])k{x). 

Writing k{x){v, w) — k{v, w; x) for the /C0(i^(G))-valucd function on G, the action 
of a function hx is just multiplication by hx{vw~^) = h{vw~^x) The product of 
two such kernel-valued functions is therefore 

This can be rewritten as 

so that kj H-> kj(u,w]x) = kj(u,w]wx) gives an isomorphism with Co(G)(K)/C(L^(G)) 
equipped with componentwise multiplication. 

According to the general prescription wc can turn this into an associative product 
by applying that is, multiplying by if){uv~^,v'w~^,'wx)~^, to get 

(fci * fc2)(u, w] wx) 

The cocycle identity tells us that 

(l){uw~^ , w, x)(l){uv~^ , vw~^ , wx) = (f){uv~^ ,vw~^ , w)<f>{uv~^ ,v, x)(j){vw~^ ,w, x) , 
so that we can rewrite the product as 

{ki * k2){u, w; wx)(f){uw~^ , w, x)~^ 

= / fcr vx)k2i., wx)^iu.-^ , x^^vu^-^ dv . 

Setting k^ {u, w; x) = k{u, w, wx)(f){uw~^ , w, x)~^ gives 

ik,.k2fiu,w,x) = lk(iu,.;x)k^iv,w;x)d.. 

showing that the new product is isomorphic to the usual product on C(G, /C(L^(G))) 
= Co(G) ® /C(L^(G)), which is certainly associative. 

For future reference we note that the same argument applies to algebra-valued 
compact operators IC^{L'^{G)) ® A when A is associative, the only change being 
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that the product of kj in the composition formula must be interpreted as a product 
in the algebra rather than of scalars. 

This example shows that quite different nonassociative algebras can have the 
same associative version, since for any cocycle </>, /C^(L^(G)) has C(G, /C(L^(G))) as 
its associative version (including the case of trivial 0, when the algebra is associative 
from the start). 

This is important in clarifying the duality theorem [121 9.2]. where it was shown 
that the double dual of S = u-ind^(^) is IC^{L^{G)) ® B, since the associative 
version /C(L^(G)) (E)B is stably equivalent to B, as usual. This certainly means that 
all the representations (that is, the modules) correspond naturally with those of B. 
We summarise this in a theorem. 

Theorem A. 3. The dual B = B yip^^G of the algebra B = u-in(^^{A) is a nonas- 
sociative algebra with a natural action of G, and the double dual S xi G can be given 
the associative product /C(L^(G)) ^ u-in(^^{A)■ 

We conclude by noting that the octonions O can be constructed from R using 
G = Z2 X Z2 X Z2 with the cocycle 

(^(a, b, C) = (-l)['^.b,c] ^ (_^)a.(bxc) ^ -^^ 

where G is identified with {0, l}"^ C M.^. Thus the same procedure can be used to 
give an associative version of C (Z2 x Z2 x Z2 , O) , as a 64-dimensional algebra over 
R. 

Appendix B. Nonassociative bounded operators, tempered 
distributions & a concrete approach to nonassociative c*-algebras 

We begin with an illustrative example. Let G = M", and consider the space of all 
bounded operators B{L^{G)) on the Hilbert space L^{G). We begin by showing that 
T G B{L'^{G)) determines a unique tempered distribution kr on G^. That is, there 
is a canonical embedding. B(i^(G)) ^ iS'(G^). This embedding will be frequently 
used, for instance to give the algebra B{L'^{G)) a nonassociative product, which has 
the advantage of being rather explicit. Later, we will also determine other closely 
related results. Recall that the Sobolcv spaces if*(G), s e M, are defined as follows: 
the Fourier transform on Schwartz functions on G is a topological isomorphism, 

iS(G) —> S{G), where we identify G with its Pontryagin dual group. It extends 
uniquely to an isometry on square integrable functions on G, ^: L'^{G) L^(G). 
Moreover, by duality, the Fourier transform extends to be a topological isomorphism 
on tempered distributions on G, ^: <S'(G) S'{G). Then for s G M, define iJ''(G) 
to be the Hilbert space of all tempered distributions Q such that (1 + 

is in L^G), with inner product (Qi, Q2). = ((1 + ICl^Y^^QiiO, (1 + iei')^/'Q2(0)o, 
where ( , )o denotes the inner product on i^(G). 

The following are some basic properties of Sobolev spaces, which are established 
in any basic reference on distribution theory. For s < t, i?*(G) C H'^{G) and 
moreover the inclusion map -ff*(G) ^ H''{G) is continuous. Also one has 5(G) = 
n^gRi^'*(G), S'{G) = UseR^'(G) and the inclusions : 5(G) ^ i/"(G) and 
Ks- i?^(G) ^ <S'{G) are continuous for any s G M. The renowned Schwartz kernel 
theorem says that a continuous linear operator T: S{G) — > S'{G) determines a 
unique tempered distribution kr on G^, and conversely. 
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Lemma B.l. There is a canonical embedding, 

B{L\G))^S'{Q?), (B.l) 

whose image is contained in the subspace of composable tempered distributions. 

Proof. Suppose that T G B(L'^{G)). Then in the notation above, the composition 

hqoT o lq: S{G) ^ S'iG) , (B.2) 

is a continuous hnear operator. By the Schwartz kernel theorem, it determines a 
unique tempered distribution kx G 5'(G^). Suppose now that S £ B{L^{G)). Then 
ST e S(L2(G)) and 

ksT{x,y)= ks{x,z)kT{z,y) dz, (B.3) 
JzeG 

where / dz denotes the distributional pairing. □ 
JzeG 

We can now define a new product on B{L'^{G)) making it into a nonassociative 
C*-algebra. 

Definition B.2. Let (j> € C(G x G x G) be an antisymmetric tricharacter on G. For 
S,T & B{L^{G)), define the tempered distribution ks*T G 5'(G^) by the formula 

ks*T{x,y)= I ks{x,z)kT{z,y)4>{x,y,z) dz . (B.4) 
JzeG 

Then for all £,,ip E L'^{G), the linear operator S *T given by the prescription 



S'*r7/')o = / ksi,T{x,y)i{x)t}}{y) dxdy , (B.5) 

defines a bounded linear operator in S(L^(G)), which follows from the earlier ob- 
servation that 5 ★ T is an adjointable operator. 

This extends the definition in [12] of twisted compact operators IC^{L'^{G)). Then 
by §4, * defines a nonassociative product on K(L^(G)) which agrees with the nonas- 
sociative product on the twisted compact operators, which will be justified in what 
follows. We denote by Bci,{L'^{G)) the space B{L^{G)) endowed with the nonasso- 
ciative product *. and call it the algebra of twisted bounded operators. 



There is an involution ks* {x, y) = ks(y, x) for all S G Z?0(i^(G)), and the norm 
on B^{L'^{G)) is the usual operator norm. The following are obvious from the 
definition: V A G C, V ^i, fi-z G ^^(^^(G)), 

(51 + ^2)* = Sl + Sl, 

[XSiY = \Sl, (B.6) 
Sr = Si . 

The following lemma can be proved as in Section 5 in |12| . 
Lemma B.3. V 5i, S2 G ^^(^^(G)), 

(Situs's)* = S's* 5*1*. (B.7) 
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What appears to be missing for the deformed bounded operators Bci,{L^{G)) is 
the so called C*-identity, 

\\S*,^Si\\ = WSlSiW = \\Si\f. (B.8) 

However, we will continue to call B^{L^{G)) a nonassociative C*-algebra and this 
prompts the following definition of a general class of nonassociative C*-algebras. 

Definition B.4. A nonassociative C*-subalgebra A of B^{L'^{G)), is defined to be 
a G-invariant, ★-subalgebra of ^^(^^(G)) that is closed under taking adjoints and 
also closed in the operator norm topology. 

In particular, such an A satisfies the identities in equations (jB.6p and (|B.7p . 
Examples include the algebra of twisted bounded operators B^{L'^{G)) and the 
algebra of twisted compact operators JC^{L^{G)). The following two propositions 
can be proved as in Section 5 of [T2] . 

Proposition B.5. The group G acts on the twisted algebra of bounded operators 
B^{L'^{G)) by natural *- automorphisms 

9.j:[k]{z,w) = 4>(x, z,w)k{zx,wx), (B.9) 

andO^Oy ^ ad{a{x,y))9xy, where ad{a{x,y))[k](z,w) = 4>(x,y, z)k{z,w)4>(x,y,w)~'^ 
comes from the multiplier cr(x, y){v) = 4>{x, y, v). 

Proposition B.6. B^{L'^{G)) is a continuous deformation of B{L^{G)). 

Appendix C. Nonassociative crossed products and nonassociative tori 

C.l. Nonassociative tori — revisited. Here will present a slightly different, more 
geometric, approach to the definition of the nonassociative torus as defined in [12j . 
which in fact generalizes the construction there, and also realizes it as a nonassocia- 
tive deformation of the algebra continuous functions on the torus. We begin with 
a general construction, and later specialize to the case when M is the torus. 

Basic Setup: Let M be a compact manifold with fundamental group T, and M 
its universal cover. Assume for simplicity that M is contractible, that is M = BY 
is the classifying space ofT. In that case we have an isomorphism iJ"(M, Z) = 
ff"(r,Z), due to Eilenberg and MacLane [T71IT8]. 

A large class of examples of manifolds M that satisfy the hypotheses of the 
Basic Setup are locally symmetric spaces M = r\G/K, where G is a Lie group, K 
a maximal compact subgroup of G, V a discrete, torsion-free cocompact subgroup 
of G, since in this case M = G/K is a contractible manifold. This includes tori and 
hyperbolic manifolds in particular. 

The isomorphism _ff"(M, R) — > lf"(r,R) can be explicitly constructed by mak- 
ing use of the double complex {CP''^{M, F); S, d), with 

CP'«(M,r) = cp{r,n^M)) = {/ : r^p ^ ^"{m)}, (c.i) 

where we think of g-forms on M as a left F-modulc through the action 7 • = 
(7*)-iw. The differential d : CP'''{M,T) CP'«+^(M, T) is the de Rham differen- 
tial on 51 (A/), hence this complex is acyclic since M is contractible. The differential 
S : CP^i{M,T) ^ CP+^^''{M,T) is given by 

•,7p+l ~ 71 ■ /72,---,7p+l /7l72,---,7p+l ■,7p ■ 

(C.2) 
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Its cohomology HP{T, n'^{M)) is known as the group cohomology with coefficients in 
the r-module n{M). The map H{M, R) H(r, R) is now obtained by 'zigzagging' 
through this double complex, much in the same way as for the Cech-de Rham 
complex. We will illustrate the procedure in the case of our interest, i.e. how to 
explicitly associate to a closed degree 3 differential form H on M a U(l)-valued 
3-cocycle a on the discrete group T. 

First we let H denote the lift of H to M. Now H = dB, where B is a. 2-form 
on M, i.e. B € C°'^{M,T). Since H is T-invariant, it follows that for all 7 G T, we 
have = -f ■ H — H = d{^i ■ B — B) = d5B, so that j ■ B — B is a. closed 2-form on 
M. By hypothesis, it follows that 

(SB)^ ^j-B-B = dA^, (C.3) 

for some 1-form on M, i.e. A G C^-^{M,r). Then by ((C3)) . it follows that the 
following identity holds for all /5,7 G F: 

d{P ■ A-y - Ap^ + Ap) = dSA = 6dA ^6^B^0. 

By hypothesis, it follows that 

P ■ Ay - Af3y + Ai3 = {SA)f3^y = dfp^^ 

for some smooth function fp^^ on M, that is, / G C^'°(M, F). Continuing, one 
computes that, 

d{a ■ fi3^y - fal3,j + fa,l3j - fa,/}) = d5 f = 5"^ A = . 

Therefore 

a ■ //3,7 - /a/3,7 + fa.M ^ fa.J3 = {5f)a.l3,', = c{a, (3, 7) , 

where c(a, f3, 7) is a constant. That is, c : F x F x F R is a 3-cocycle on F, and 
we can set for all t G R, 

crt(a,/?,7) = exp(zte(a,/3,7)) . (C.4) 

Then crt{a, (3, 7) is a U(l)-valucd 3-cochain on 7, satisfying the pentagonal identity, 

crt(a,^,7)crt(a,/37,(5)crt(/3,7,(5) = crt(Q;/3, 7, (S)crt(Q;, /3, 7(5) , (C.5) 

for all a, /?, 7, (5 G F. That is, 0-4(0;, /3, 7) is actually a U(l)-valued 3-cocycle on F. 

It is convenient to normalize the function fa^i^ such that fa,pixo) = for all 
a,/? G F and for some Xq G M. Then the formula for the U(l)-valued 3-cocycle on 
F simplifies to, 

at{a,P,j) = exp (ii(a*~V/3,7(^o))) • 
Consider the unitary operator ut(/?, 7) acting on L'^{T) given by 

{ut{P,j)tp){a) = exp(ita*~V/3,7(a^o))V'(a) = crt(a, Z^, 7)V'(a)- 

We easily see that 

o-t(a,/?,7)Mt(a,/?)ut(Q;/3,7) = ^a[utif3,j)]utia, l3j) 

where ~ ^d{p{a)) and {p{a)Tp){g) = ip{ga) is the right regular representation. 
One can define, analogous to what was done in [12j . a twisted convolution product 
and adjoint on C(F,/C), /C = IC{L^{T)), by 

(/ g)ix) = fiy)Cy[9(y-'x)]ut{y, y-'x) , (C.6) 
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and 

The operator norm completion is the nonassociative twisted crossed product C*- 
algebra 

C*{IC,T,at) = IC{L\T)) x^,^, T. 

where as before, at{a,f3,j) is a U(l)-valued 3-cocycle on F as above. This con- 
struction extends easily to the case when K. is replaced by a general r-C*-algebra 
A, giving rise to a nonassociative C*-algebra denoted by C*{A, T, at) ~ A x^.ut T. 

In the special case when M = T" is a torus, we get the nonassociative torus 
Acrj(n). Now A„g{n) is just the ordinary crossed product /C(i^(Z")) x Z", where 
Z" acts on /C(L^(Z")) via the the adjoint of the left regular representation. By the 
Stabilization theorem, and using the Fourier transform, 

/C(i2(z")) X Z" ^ C*(Z") /C(l2(Z")) ^ C(T") (g) /C(l2(Z")). 

This then indicates why Ag-^ (n) is a nonassociative deformation of the ordinary 
torus T" for i ^ 0. 

Example. As an explicit example, consider the 3-torus M = T^. We have M = 
and F = Z'^. Let us take, for H g H^{M,M.), k times the volume form on M (i.e. 
k times the image in de Rham cohomology of the generator of H^{M, Z) = Z). Its 
lift to M is explicitly given by 

H ~ k dxi A dx2 A dx^ , 

where {xi,X2,X3) are standard coordinates on M = K'^. Let us denote elements 
of F = Z^ by n = (m, n2, na). Going through the procedure above, we see that a 
representative of this 3-form in group cohomology is given by c(l, m, n) = fc lim2n^- 
However, by making different choices for -B, An, etc., specifically 

B ^ ^k {xi dx2 A dxs + cycl) , 

An = gfc ini{x2dx3 - X3dx2) + cycl) , 

/m.n = ^k {mi{n2X3 - 11,3X2) + cycl) , 

we can also construct a completely antisymmetric representative, namely 

c(l,m,n) = i/cl- (m X n) . (C.8) 

It is this representative which gives rise to an antisymmetric tricharacter at on F. 
Note that the image of an integer cohomology class in (M, R) is not necessarily 
integer-value, but in this example rather ends up in ^Z. This example explains and 
corrects a discrepancy between our earlier paper [l^] and the physical interpretation 
of our nonassociative 3-torus in the context of open string theory by EUwood and 
Hashimoto (cf. Eqn. (5.14) in [l9]). 

C.2. Factors of automorphy and continuous trace C*-algebras. We next 
study principal PU-bundles P and associated bundles of compact operators ICp and 
their sections over manifolds M that satisfy the assumptions of the Basic Setup of 
Appendix [Un Let P denote the hft of P to M. Since H^{M) = 0, it follows that 
P is trivializable, i.e. P ^ M x PU. Having fixed this isomorphism, we can define a 
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continuous map j : F x i\/ ^ PU = Aut(/C) by the following commutative diagram, 
/C-(/Cp), ^/C-(/Cp)^., (C.9) 




Then 

j(7i72,a;)"^j(7i,72a;)j(72,a;) = 1. (C.IO) 
is a factor of automorphy for the bundle ]Cp. Conversely, given a continuous map 
j : r X M ^ PU = Aut(/C) satisfying (IC.lOp . we can define a bundle of compact 
operators, 

/Cj =(MxA:)/r^M (C.ll) 

where 7 • (x,^) = (7 ■ x,j{'j,x)^) for 7 G F and (x,^) G M x IC. 

Given any two algebra bundles of compact operators, ICj, ICji over M with factors 
of automorphy j, j' respectively, and an isomorphism : JCj — > ICji , we get an 
induced isomorphism 

4, -.M xK^Zj — >ICf = M xJC (C.12) 

given by (j){x,^) = {x,u{x)^), where u: M ^ PU is continuous. Since (j) commutes 
with the action of F. 7 • (j){x, ^) = (j){'j{x, ^)), wc deduce that (7 • x, j'(7, x)u{x)(,) = 
(7 • X, u(7 • x)j(j, x)^). Therefore 

j'(7, x) = ui-f ■ x)j{'y, x)u{x)~'^ (C.13) 

for all X £ M and 7 e F. Conversely, two factors of automorphy give rise 
to isomorphic algebra bundles JCj, JCj' of compact operators if they are related by 
(|C.13|) for some continuous function u : A/ PU. 

Therefore continuous sections of JCp can be viewed as continuous maps / G 
C{M, JC) satisfying the property, 

f{l-x)=3{^,x)f{x), yj€T,xGM. (C.14) 
For example, f{x) := X]7eri(7' x)^^F{'j ■ x) converges uniformly on compact sub- 
sets of M whenever F : M JC is a compactly supported continuous function, and 
satisfies (jC.14[) . therefore defining a continuous section oi JCp. 

Wc would like to write the Dixmier-Douady invariant of the algebra bundle of 
compact operators JCp over M in terms of the factors of automorphy. There is 
no obstruction to lifting the factor of automorphy j : T x M PU = Aut(/C) to 
j : F X M — *■ U, because of our assumptions on M. However the cocycle condition 
(jC.lOp has to be modified, 

j(7i72,x)"^j'(7i,72a;)j(72,a:) t(7i, 72, x) , (C.15) 

where r : F x F x M U(l). There is no obstruction to lifting r : F x F x i\/ ^ U(l) 
to T : F X F X A/ — > M, however the cocycle condition satified by t has to be modified 
to (5t(7i, 72, 73) = (71, 72, 73), where ryiFxFxF^Zisa Z- valued 3-cocycle 
on F. One can show DD{P) = S{[t']) = [77]. Thus, given a principal PU bundle 
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P on A/, we have derived a cohomology class [rj] G i/'^(r,Z) ^ H'^{1\I,'L) which 
is by standard arguments independent of the choices made. The relation with the 
previous discussion is that [77] = [c]. 

To sec that the converse is true, notice that r can be viewed as a continuous 
map r' : r X r ^ C(m, U(1)), which is easily verified to be a C(M, U(l))-valued 
2-cocycle on F. Recall from standard group cohomology theory that equivalence 
classes of extensions of a group F by an abelian group C(M, U(l)) on which F 
acts is in bijective correspondence correspondence with the group cohomology with 
coefiicients, H^{T, C{M , U(l))). We will first show that possible extensions F of F 
by C(M, U(l)) are in bijective correspondence with elements of H^{M,Z) called 
the Dixmier-Douady invariant, and we will also compute DD{P) € H^{M,Z) in 
our case. Now there is an exact sequence of abelian groups, 

^ C(M,M) ^C(M, U(l)) ^0. (C.16) 
This leads to a change of coefficients long exact sequence, 

> H^{T,C{M,R)) H^{T,C{M,U{1))) ^ H^{T,Z) H^{T,C{M,R)) ■ 

Since F acts freely on M and C(M,R) is an induced module, it follows that 
W{r,C{M,R)) = for all j > 0. Therefore iJ^' (F, C(M, U(l))) ^ W+^{r,Z) = 
H^^^{M,Z) for all j > 0, and in particular for j = 2 as claimed. In particular, 
since [r'] e i72(r,C(M, U(l))), we sec that DD{P) = 5{[t']) = [rj] e H^{T,Z) = 
H^{M, Z) is the Dixmier-Douady invariant of P. 

We next explain how the data (H, B, Ay, fa. 13) also determine a bundle gerbe in 
a natural way. The bundle gerbe consists of the submersion M — > M . Then the 
fibered product M''^' is equivariantly isomorphic to F x M. Under this identification, 
the two projection maps tt^ : M^^l — > Af , i = 1,2 become the action /i : F x M — > M 
of F on M and the projection p : M x F — > M, respectively. Then A-y defines a 
connection on the trivial line bundle C-y {7} x M whose curvature is dAy. The 
choice of curving is B, satisfying the equation fi* B —p*B = dA, which on the sheet 
{7} X M reduces to j*B - B = dAy. The 3-curvature dB ~ H is the lift of the 
closed 3-form H on M. What is surprising is that H need not have integral periods! 

Appendix D. Motivation from T-duality in String Theory 

For completeness we have summarized the original motivation for this work, 
namely T-duality in string theory, in this appendix. We believe, however, that the 
results in this paper are of interest independent of our original motivation. 

T-duality, also known as target space duality, plays an important role in string 
theory and has been the subject of intense study for many years. In its most basic 
form, T-duality relates a string theory compactified on a circle of radius R, to a 
string theory compactified on the dual circle of radius 1 /R by the interchange of the 
string momentum and winding numbers. T-duality can be generalized to locally 
defined circles (principal circle bundles, circle fibrations), higher rank torus bundles 
or fibrations, and in the presence of a background H-flux which is represented by a 
closed, integral Cech 3-cocycle H on the spacetime manifold Y. It is closely related 
to mirror symmetry through the SYZ-mechanism. 
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An amazing feature of T-duality is that it can relate topologically distinct space- 
time manifolds by the interchange of topological characteristic classes with compo- 
nents of the H-flux. Specifically, denoting by {Y, [H]) the pair of an (isomorphism 
class of) principal circle bundle ir : Y ^ X, characterized by the first Chern class 
[F] e H'^{X,Z) of its associated line bundle, and an H-flux [H] e H^{Y,Z), the 
T-dual again turns out to be a pair {Y, [H]), where the principal circle bundles 

T ^Y , T 



X X 

are related by [F] — tt* [H] , [F] = tt, [H] , such that on the correspondence space 



YxxY 




Y Y 



X 

we have p*[H] -p*[H] = [ilS]. 

In earlier papers we have argued that the twisted K-theory K'{Y, [H]) (see, e.g., 
[7j) classifies charges of D-branes on Y in the background of H-flux [H] [T31, and 
indeed, as a consistency check, one can prove that T-duality gives an isomorphism of 
twisted K-theory (and the closely related twisted cohomology H* {Y, [H] ) by means 
of the twisted Chern character chn) [5] 

K'{Y,[H])^K'+'(Y,[H]) 



cflH 



ch^ 



H'(Y,[H])^H'+\Y,[H]) 

The above considerations were generalized to principal torus bundles in |101 111] . 

Since the projective unitary group of an infinite dimensional Hilbert space PU(7Y) 
is a model for K{Z, 2), we can 'geometrize' the H-flux in terms of an (isomorphism 
class of) principal PU(H)-bundle P over Y. We can reformulate the discussion of 
T-duality above in terms of noncommutative geometry as follows. The space of 
continuous sections vanishing at infinity, A = Co{Y,£), of the associated algebra 
bundle of compact operator /C on the Hilbert space £ ^ P Xpu(-^) /C. ^ is a 
stable, continuous-trace, C*-algebra with spectrum y, and has the property that 
it is locally Morita equivalent to continuous functions on Y. Thus the 7J-flux has 
the effect of making spacetime noncommutative. The K-theory of A is just the 
twisted K-theory K'{Y, [H]). The T- action on Y lifts essentially uniquely to an 
M-action on A. In this context T-duality is the operation of taking the crossed 
product ^ X R, which turns out to be another continuous trace algebra associated 
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to {Y , [H]) as above. A fundamental property of T-duality is that when apphed 
twice, yields the original algebra A, and the reason that it works in this case is 
due to Takai duality. The isomorphism of the D-brane charges in twisted K-theory 
is, in this context, due to the Connes-Thom isomorphism. These methods have 
been generalized to principal torus bundles by Mathai and Rosenberg [311 [32l [33] , 
however novel features arise. First of all the T"-action on the principal torus bundle 
Y need not always lift to an R" -action on A. Even if it does, this lift need not 
be unique. Secondly, the crossed product A x M" need not be a continuous-trace 
algebra, but rather, it could be a continuous field of noncommutative tori [31j . 
and necessary and sufficient conditions are given when these T-duals occur. More 
generally, as argued in [10], when the T"-action on the principal torus bundle Y does 
not lift to an IR"-action on A, one has to leave the category of C*-algebras in order 
to be able to define a "twisted" lift. The associator in this case is the restriction of 
the H-flux H to the torus fibre of Y, and the "twisted" crossed product is defined 
to be the T-dual. The fibres of the T-dual are noncommutative, nonassociative 
tori. That this is a proper definition of T-duality is due to our results which show 
that the analogs of Takai duality and the Connes-Thom isomorphism hold in this 
context. Thus an appropriate context to describe nonassociative algebras that arise 
as T-duals of spacetimes with background flux, such as nonassociative tori, is that 
of C*-algebras in tensor categories, which is the subject of this paper. 



References 

[1] Akrami, SE, Majid, S, Braided cyclic cocycles and nonassociative geometry, J. Math. Phys. 

45 (2004), no. 10, 3883-3911, arXi v : math . QA/0406005 . 
[2] Albuquerque, H, Majid, S, New approach to octonions and Cayley algebras. Nonassociative 

algebra and its applications (Sao Paulo, 1998), 1-7, Lecture Notes in Pure and Appl. Math., 

211, Dekker, New York, 2000, arXiv:math. qA/9810037 . 
[3] Baez, JC, The octonions. Bull. Amer. Math. Soc. (N.S.) 39 (2002), no. 2, 145-205. Errata, 

Bull. Amer. Math. Soc. (N.S.) 42 (2005), no. 2, 213. 
[4] Beggs, EJ, Majid, S, Poisson-Lic T-duality for quasitriangular Lie bialgebras. Comm. Math. 

Phys. 220 (2001), no. 3, 455-488, arXlv:math.qA/9906040 . 
[5] Beggs, EJ, Majid, S, Quantization by cochain twists and nonassociative differentials, 

arXlv:math. QA/b50645d . 
[6] Beggs, EJ, Majid, S, Bar categories and star operations. Algebras and Representation Theory, 

to appear, arXiv:math.ClA/0701008 . 
[7] Bouwkncgt, P, Carey, A, Mathai, V, Murray M, Stevenson, D, Twisted K-theory and K- 

theory of bundle gerbes. Comm. Math. Phys. 228 (2002) 17-45, |arXlv:hep -th/0106194 . 
[8] Bouwknegt, P, Evslin, J, Mathai, M, T-duality: Topology change from H-flux, Commun. 

Math. Phys. 249 (2004) 383-415, [arXl v : hep-tli/0306062] . 
[9] Bouwknegt, P, Evslin, J, Mathai, M, On the topology and H-flux of T-dual manifolds, Phys. 

Rev. Lett. 92 (2004) 181601, |arXlv : hep-th/03120S2] . 
[10] Bouwknegt, P, Hannabuss, K, Mathai, V, T-duality for principal torus bundles, J. High 

Energy Phys. 03 (2004) 018, [arXiv : hep-th/031228'4] . 
[11] Bouwknegt, P, Hannabuss, K, Mathai, V, T-duality for principal torus bundles and 

dimensionally reduced Gysin sequences. Adv. Theor. Math. Phys. 9 (2005) 749-773, 

[arXlv:hep-th/04 12268 . 
[12] Bouwknegt, P, Hannabuss, KC, Mathai, V, Nonassociative tori and applications to T-duality, 

Comm. Math. Phys. 264 (2006) 41-69, [arXiv : hep-th/0412092] . 
[13] Bouwknegt, P, Mathai, V, D-branes, B-fields and twisted K-theory, J. High Energy Phys. 03 

(2000) 007, [arXi V : hep-th/0002023] . 
[14] Brain, S, Majid, S, Quantisation of twistor theory by cocycle twist. Comm. Math. Phys. 284 

(2008) 713-774, |arXlv:math.qA/0701893| . 



38 P BOUWKNEGT, KG HANNABUSS, AND V MATHAI 

[15] Connes, A, An analogue of the Thorn isomorphism for crossed products of a C*-algebra by 
an action of R, Adv. in Math. 39, no. 1 (1981), 31-55. 

[16] Connes, A, Noncommutative Geometry, (New York, Academic Press, 1994). 

[17] Eilenberg, S, MacLane, S, Relations between homotopy and homology groups, Proc. Nat. 
Acad. Sc. USA 29 (1943), 155-158. 

[18] Eilenberg, S, MacLane, S, Relations between homotopy and homology groups of spaces, Ann. 
Math. 46 (1945) 480-509. 

[19] EUwood, I, Hashimoto, A, Effective descriptions of brancs on non-gcomotric tori, J. High 
Energy Phys. 12 (2006) 025, arXlv:hep-th/0607135 . 

[20] Enock, M, Schwartz, J-M, Kac algebras and duality of locally compact groups. With a preface 
by Alain Connes. With a postfacc by Adrian Ocneanu. Springer- Verlag, Berlin, 1992. 

[21] Enock, M, Vallin, J-M, C*-algebres de Kac et algebres de Kac, Proc. London Math. Soc. (3) 
66 (1993), no. 3, 619-650. 

[22] Fjelstad, J, Fuchs, J, Runkel, I, Schweigert, C, TFT construction of RCFT correlators 
V: Proof of modular invariance and factorisation, Thcor. Appl. Catcg. 16 (2006) 342-433, 
'arXiv : hep-th/0503194' . 

[23] Frohlich, J, Fuchs, J, Runkel, I, Schweigert, C, Algebras in tensor categories and cosct con- 
formal field theories. Proceedings of the 36th International Symposium Ahrcnshoop on the 
Theory of Elementary Particles. Fortschr. Phys. 52 (2004), no. 6-7, 672-677. 

[24] Fuchs, J, Runkel, I, Schweigert, C, TFT construction of RCFT correlators. I. Partition func- 
tions. Nuclear Phys. B 646 (2002), no. 3, 353-497, tarXiv : hep-th/0204148^ . 

[25] Fuchs, J, Runkel, I, Schweigert, C, TFT construction of RCFT correlators. H. Unoriented 
world sheets. Nuclear Phys. B 678 (2004), no 3, 511-637, |arXlv : hep-th/OSOeiei] . 

[26] Fuchs, J, Runkel, I, Schweigert, C, TFT construction of RCFT correlators. HL Simple cur- 
rents. Nuclear Phys. B 694 (2004), no. 3, 277-353, arXiv : hep-th/0403157' . 

[27] Fuchs, J, Runkel, I, Schweigert, C, TFT construction of RCFT correlators. IV. 
Structure constants and correlation functions. Nuclear Phys. B 715 (2005) 539—638, 
arXlv:hep-th/0412290 . 

[28] Chez, P, Lima, R,, Roberts, JE, VK*-categories, Pacific J. Math. 120 (1985), no. 1, 79-109. 

[29] Kasscl, Christian Quantum groups. Graduate Texts in Mathematics, 155, Springer- Verlag, 
New York, 1995. xii-|-531 pp. ISBN: 0-387-94370-6 

[30] MacLane, S, Categories for the working mathematician, Graduate Texts in Mathematics, 
Vol. 5. Springer- Verlag, New York-Berlin, 1971. ix-|-262 pp. 

[31] Mathai, V, Rosenberg, J, T-duality for torus bundles via noncommutative topology. Comm. 
Math. Phys. 253 (2005) 705-721, arXlv:hep-th/0401168 . 

[32] Mathai, V, Rosenberg, J, On mysteriously missing T-duals, H-flux and the T-duality group, in 
"Differential Geometry and Physics", editors Mo-Lin Ge and Weiping Zhang, Nankai Tracts 
in Mathematics, Volume 10, World Scientific 2006, pages 350-358, |arXlv : h6p-th/04090 73 . 

[33] Mathai, V, Rosenberg, J, T-duality for torus bundles with H-fluxes via noncommutative 
topology, II: the high-dimensional case and the T-duality group. Adv. Theor. Math. Phys. 10 
(2006) 123-158, [arXiv:/h6p-th/0508084]. 

[34] Mitchener, PD, C* -categories, groupoid actions, equivariant K K-theory, and the Baum- 
Connes conjecture, J. Funct. Anal. 214 (2004), no. 1, 1-39, arXiv:math.KT/020429l' . 

[35] Nesterov, AI, Three-cocycles, nonassociative gauge transformations and Dirac's monopole, 
Phys. Lett. A 328 (2004), no. 2-3, 110-115, arXiv:hep-th/0406073 . 

[36] Nesterov, AI, Towards nonassociative gauge theories. Fourth Workshop on Gravitation and 
Mathematical Physics (Chapala, 2001), Rev. Mexicana Fs. 49 (2003), suppl. 2, 52-57. 

[37] Nesterov, AI, Principal loop bundles: toward nonassociative gauge theories. Clifford algebras 
and their applications (Ixtapa, 1999), Internat. J. Theoret. Phys. 40 (2001), no. 1, 339-350. 

[38] Nesterov, AI, Sabinin, LV, Nonassociative geometry: towards discrete structure of spacetime. 
Phys. Rev. D (3) 62 (2000), no. 8, 081501, 5 pp, |arXlv:hep-th/0010159] . 

[39] Nesterov, AI, Principal Q-bundles. Nonassociative algebra and its applications (Sao Paulo, 
1998), 247-257, Lecture Notes in Pure and Appl. Math., 211, Dekker, New York, 2000. 

[40] Raeburn, I, Williams, DP, Morita equivalence and continuous-trace C*-algebras, Mathemat- 
ical Surveys and Monographs, 60. American Mathematical Society, Providence, RI, 1998. 



C*-ALGEBRAS IN TENSOR CATEGORIES 



39 



(Peter Bouwknegt) Department of Theoretical Physics, Research School of Physics 
AND Engineering, and Department of Mathematics, Mathematical Sciences Institute, 
The Australian National University, Canberra, ACT 0200, Australia 

E-mail address: peter.bouwknegt@anu.edu.au 

(Keith Hannabuss) Mathematical Institute, 24-29 St. Giles', Oxford, OXl 3LB, and 
Balliol College, Oxford, 0X1 3BJ, England 
E-mail address: kch3balllol.oxford.ac.uk 

(Varghese Mathai) Department of Pure Mathematics, University' of Adelaide, Ade- 
laide, SA 5005, Australia 

E-mail address: inathai.vargheseaadelaide.edu.au 



